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Biological and artificial swimmers exist across a broad range of length scales, spanning from micron-
sized bacteria and self-propelled nanoparticles to large aquatic organisms and marine robots on the order
of meters. Swimming can be categorized by the Reynolds number (Re) which characterizes the relative
importance of inertial over viscous forces. Microscopic swimmers at low Re, where viscosity dominates,
swim differently than high Re swimmers, where inertia dominates. Between the two extremes resides the
intermediate Reynolds regime (Reint ≈ 0.1− 1000), where both viscosity and inertia play a role. Mesoscopic
organisms i.e. those that operate at intermediate Re are diverse both in size, ≈ 0.5mm - 50cm, and in
swimming mechanisms. Most prior studies on Reint motility have focused on the details of specific organisms.
As a result, few general models exist and there is a lack of understanding regarding the unifying physical
mechanisms that swimmers at Reint exhibit. In this dissertation, we use computational fluid dynamics to
model and characterize mesoscale swimmers, examine their pairwise interactions, and ultimately build a
framework to understand their collective behavior. We first show a simple model swimmer used to understand
the transition from Stokes (Re = 0) to intermediate Reynolds numbers. Our swimmer is a dumbbell which
consists of two unequal spheres that oscillate in antiphase generating nonlinear steady streaming flows. We
show computationally that steady streaming flows enable the swimmer to propel itself and switch direction as
Re increases. We quantify the transition in the swimming direction by collapsing my data on a critical Re and
show that the transition in swimming direction corresponds to the reversal of the flows. From thousands of
initial conditions, four stable pairs were identified, where the swimmers coordinated in-line or in-tandem.
We investigated how the stable pairs’ fluid flow fields evolved across Re and connected them to transitions
in pair swimming behavior. The collective behavior of 122 swimmers transitions from in-line network-like
connections to small, transient in-tandem clusters. Pairwise interactions were used to partly explain the
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1.1 Swimmers across Reynolds numbers
Swimmers are seen across all different scales, from the microscopic where bacteria thrive to the macro-
scopic where real-life organisms can even be tens of meters in length. Whether microscopically swimming
within blood streams or macrocscopically coasting in the deep blue, swimmers are influenced by both inertial
and viscous forces. The non-dimensional ratio known as the Reynolds number (Re) determines the relative
importance of inertial over viscous forces. In general, Re is defined to be Re = inertia forces/viscous forces
= ρuL/µ, where ρ is the density of the surrounding fluid, u is the velocity of the swimming organism, L is
the characteristic length scale (usually the organism’s size), and µ is the dynamic viscosity of the surrounding
fluid. Swimming can be categorized into three different regimes of fluid flow: Stokes regime, intermediate
regime, and inviscid regime (Fig. 1.1) (1).
The Stokes regime is where the Reynolds number approaches zero, Re 1, viscosity dominates, and
inertia can be neglected. Here, we find microorganisms such as microalgae, bacteria, sperm cells, and small
larval fish. Because the organisms are so small, the surrounding fluid feels very thick to them and is analogous
to a human swimming in a tar pit or mollasses. On the other end of the spectrum is the inviscid regime,
Re 1, where inertia dominates and viscosity is neglected. Here, we see larger and faster organisms which
can exhibit fascinating collective behavior like how sardines form bait balls to protect themselves from
predators. In these two limiting cases, one can make mathematical simplifications to the Navier-Stokes
equations that govern the fluid dynamics.
Simple models have been developed to understand organisms in Stokes flow, a well-studied one being
the squirmer. A spherical squirmer is a simple model for self-propulsion at low Re which was developed by
Lighthill and Blake to mimic the locomotion of organisms with dense arrays of motile cilia (2,3). The squirmer
achieves locomotion through small, axisymmetric perturbations tangential to its surface. The squirmers are
divided by the parameter β, which quantifies the amount of fluid-mixing done by the squirmer. When β > 0,
1
Figure 1.1: Organisms organized by their travelling speed and the Reynolds number. The Reynolds number
can be used to divide the swimming organisms into three regimes of fluid flow: Stokes regime, intermediate
regime, and inviscid regime. The Stokes regime is where viscous forces dominate and inertial forces are
neglected. The inviscid regime is the opposite where inertial forces dominate and viscous forces are neglected.
In between, the intermediate regime is where the inertial and viscous forces are both finite and lead to very
diverse swimming behaviors. Reproduced from (1).
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squirmers are classified as pullers, β < 0 as pullers, and β = 0 as neutral. Microalgae Chlamydomonas can
be modeled as a puller where the fluid is pulled in parallel to its axis of motion and pushed away perpendicular
to it, while spermatozoa can be modeled as a pusher where there is the opposite, a push parallel and a pull
perpendicular.
Between the two extremes resides the intermediate Reynolds regime (Re ≈ 1− 1000), where both finite
viscous and inertial forces are important. Finite inertia is relevant for millions of mesoscopic organisms, i.e.
those that operate at intermediate Re, and robots that swim or fly covering at least three orders of magnitude
in size (≈ 0.5mm–50cm). Along with a variable size comes different functionality: jet propulsion from
squids and jellyfish (4,5), anguilliform (or eel-like) locomotion from nematodes (6–10), a flapping motion from
water boatmen (11), and metachronal and ciliate beating from organisms like brine shrimp (12,13). Yet, despite
their enormous scope and diversity, their collective behavior is largely unknown. The main challenge arises
due to the comparable inertial and viscous forces resulting in nonlinear hydrodynamic effects. Mathematical
simplifications cannot be made to the Navier-Stokes equations, and solutions are analytically intractable
for individual swimmers and for the collective system. For that matter, most studies are experimental and
focus on specific organisms (4–7,9–18). Recently, numerical work has been published on different models of
mesoscale organisms (19–33).
An interesting classification of swimmers was developed by Purcell where swimmers are separated into
reciprocal and non-reciprocal swim strokes. A reciprocal swim stroke is the same forwards as it is backwards
in time. One can think of a scallop opening and closing as a reciprocal swim stroke, and it is impossible to
discern if the scallop is performing its swim stroke forward or in reverse. A non-reciprocal swim stroke lacks
time reversibility, and the swim stroke appears different when performed forward and in reverse. An example
of this is seen from organisms with flagella. Their corkscrew spinning motion is not time reversible. Purcell’s
scallop theorem states that at low Re, if an organism tries to swim by a reciprocal motion, it cannot move
anywhere (34). Organisms which are able to swim by themselves in Stokes flow must have a non-reciprocal
swim stroke. This is why microorganisms developed non-reciprocal swimming mechanisms, such as the
metachronal motion of cilia and the corkscrew motion of flagella.
3
Figure 1.2: Larval fish trying to catch prey (indicated in red circle and arrow) and failing. The fish opens its
mouth, sucks the prey in, and then, as it closes its mouth, the prey escapes. Images extracted from movie in
supplemental information of China and Holzman (35).
1.2 Onset of inertia and swimming transitions
What happens to real biological organisms that live on the boundary between low Re, where viscosity
dominates, and Reint, where inertia starts to play a role? How do they reconcile the difference in the fluid
dynamics between the two regimes? This interesting region in phase space was studied by Childress and
Dudley (36) who reported on a mollusc that changes its swimming stroke as it grows in size and thus transitions
from the Stokes regime to the intermediate Re regime. Muller et al. (37) show that undulatory swimmers, such
as zebra fish, are well-suited to transitioning through different regimes of Re. From a mathematical point of
view, Lauga studied model swimmers and showed a continuous breakdown of the Scallop theorem when
inertia is gradually introduced (19). Recently, China and Holzman (35) argued that the reason larval fish die in
the larval stage at a high percentage (99%) is because they have difficulty eating food at low Re where the
flows are reversible – they suck the food in but then as they close their mouths it goes out again, see Fig. 1.2.
Childress and Dudley asked: “Can models of reciprocal flapping be found which exhibit the bifurcation
from rest to locomotion as viscosity decreased, and which are consistent with our observations?” (36). The
question was later investigated by looking at an externally-vibrated asymmetric pair, which was designed
to be simply implemented experimentally and to study the transition from rest at low Re to locomotion
as Re increases and inertia kicks in (28). The pair was powered by external oscillations of the fluid-filled
4
Figure 1.3: (a) Experimental realization of a robot (two unequal spheres connected by a spring) driven by flow
oscillations at Reint. (b) Velocity as a function of the streaming Reynolds number, indicating discontinuous
onset with increasing Res, (= A2ω/ν). (c) Average fluid flows around the pair when it is stationary, below
the critical onset, and (e) when it swims, above the critical onset. (b-e) are reproduced from (28)
container (Fig. 1.3a,b) and was studied both computationally and experimentally. The results showed that the
asymmetric pair undergoes a discontinuous transition from rest to swimming (with the large sphere at the
front) at a critical value Re ≈ 30. Above the critical value, the speeds scaled linearly with the oscillatory
Reynolds number, for various parameters (amplitude, frequency, spheres’ sizes, their aspect ratio, distance
between them, and fluid viscosity ν) collapsing on a straight line, shown in Fig. 1.3b,c. The fluid flows were
also found to be qualitatively different below and above the critical Re, further evidence for a discontinuous
transition, see Fig. 1.3d,e. However, this is a different problem than a self-propelling organism because of the
external vibration and can thus be hard to compare or reach general conclusions.
1.3 Steady streaming
We introduce the phenomenon known as steady streaming to better explain how the externally-vibrated
pair achieved locomotion at Re > 30. Steady streaming is the non-zero time averaged flow for a rigid,
oscillating body at intermediate Re. Despite the attention streaming flow has won over the years, it is still not
fully understood, as it involves the nonlinear Navier-Stokes equations over a large parameter space. We shall
define four dimensionless parameters which have been used in the literature: the Reynolds number Re, the
inverse strouhal number ε, the streaming Reynolds number Res, and M2. The radius of the oscillating sphere
5
Figure 1.4: When ε  1, there are two limiting cases to steady streaming. (a) The sphere oscillates with
M2  1 and Res  1 and generates a vortex pair which pulls fluid in along the oscillation axis and pushes
out perpendicular to it. (b) When M2  1 and Re has increased, a second counter rotating vortex pair forms.
Reproduced from (38).
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is r, the amplitude of oscillation is A, the angular frequency is ω, the kinematic viscosity of the fluid is ν,
and the boundary layer thickness is δ = sqrtν/ω. The dimensionless ratios are:
Re = Ar/δ2, (1.1)
ε = A/r (1.2)
Res = εRe = A2/δ2, (1.3)
M2 = Re/ε = r2/δ2. (1.4)
The solution to the velocity field changes in structure in different limits and thus the form of the steady
streaming flow pattern depends on the location of the specific problem in this parameter space. In some cases,
the structure observed is of the form shown schematically in Fig. 1.4a and depending on the parameters there
is a transition to the structure shown in Fig. 1.4b. Using perturbation theory, for low amplitudes ε  1,
Riley (38,39) showed that Fig. 1.4a occurs for M2  1 and Res  1 and Fig. 1.4b for M2  1. When the
sphere oscillates in a fluid with high viscosity and low Re, the flow is dominated by one vortex pair where the
flow pulls in along the oscillation axis and pushes out perpendicular to it. When the viscosity is decreased
and Re is increased, the one vortex pair shrinks and another counter-rotating vortex pair forms.
In Chapters 2 and 3, we introduce an internally-powered model swimmer that consists of two unequal
sized spheres which propels itself using steady streaming flows. We study the swimming dynamics and fluid
flow on average, and we relate the swim stroke’s movement and generated flow to behavior seen in real-life
organisms. In Chapter 4, we first investigate the pair interactions between two model swimmers and then




Transition in swimming direction in a model self-propelled inertial swimmer1
2.1 Overview
We propose a reciprocal, self-propelled model swimmer at intermediate Reynolds numbers (Re). Our
swimmer consists of two unequal spheres that oscillate in antiphase generating nonlinear steady streaming
(SS) flows. We show computationally that the SS flows enable the swimmer to propel itself, and also switch
direction as Re increases. We quantify the transition in the swimming direction by collapsing our data on
a critical Re and show that the transition in swimming directions corresponds to the reversal of the SS
flows. Based on our findings, we propose that SS can be an important physical mechanism for motility at
intermediate Re.
2.2 Introduction
Understanding motility requires connections between fundamental physics and biology (40–42) and has
many applications, including drug-delivering nanomachines (43,44) and autonomous underwater vehicles (45–47).
Swimming regimes can be classified by the Reynolds number (Re), which characterizes the relative impor-
tance of inertial over viscous forces. Although there is a large body of work on motility in Stokes flows
(Re 1), in which viscous forces dominate, and at high Re (Re 1), in which inertial forces dominate,
less is known about the intermediate regime Reint ∼ 1 – 1000 (41,48,49).
The Reint regime encompasses an enormous diversity of organisms, ranging from larvae (of e.g. fish,
squid, ascidian) and large ciliates, to nematodes, copepods, plankton and jellyfish, that exhibit a variety
of motility mechanisms: jet propulsion (4,5), anguilliform locomotion (6–10), rowing (14,15), aquatic flapping
flight (11), and ciliate beating (12,13). Plankton have even been proposed to contribute to the large-scale transport
of nutrients and dissolved gases in the ocean (16,17,24,50,51). However, most prior studies on Reint motility have
1 This chapter previously appeared as an article in Physical Review Fluids. The original citation is as follows: T. Dombrowski, S.K.
Jones, G. Katsiskis, A.P.S. Bhalla, B.E. Griffith, and D. Klotsa, Transition in swimming direction in a model self-propelled inertial
swimmer. Phys. Rev. Fluids 4, 021101(R) (2019)
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focused on the details of specific organisms (4–7,9–18). As a result, few general models exist for motility at
Reint; examples are an extension of the Stokesian squirmer to include inertia (19–24), which makes assumptions
about the generation of flow due to small-amplitude oscillations on the surface of a spherical swimmer and the
flapping-plate model, which is a lumped-torsional-flexibility model that uses passive pitching and responds to
an actuation (26,27). However, there is a lack of understanding regarding the unifying physical mechanisms
that swimmers at Reint exhibit. To achieve this, more models with varying degrees of freedom that operate
under different conditions at Reint are needed. Only then can we make progress in better understanding
biological swimmers and designing artificial ones at intermediate scales.
Steady streaming (SS) is the nonzero, time-averaged flow that arises at Reint due to oscillations of a rigid
body in a fluid and has been studied for various cases, such as around a single sphere (38,39,52–54), cylinder,
near a wall. While SS has been used to manipulate particles e.g. (28,55–58) and cells (59) via external vibrations,
it has not been used as a mechanism for self-propulsion, even though there have been suggestions that it may
be relevant for the enhanced motility of Synechococcus cyanobacteria (60).
In this letter we propose a simple, reciprocal, and self-propelled model swimmer, termed the spherobot,
that uses steady streaming flows in a novel way, i.e. for propulsion. The spherobot is composed of two
unequal spheres that oscillate with respect to each other, in antiphase, generating SS flows, Fig. 2.3(a).
We computationally studied the spherobot’s motility over a broad range of parameters: viscosity, sphere
amplitudes, distance between the spheres, sphere radii and sphere-radii ratio. At Re = 0, the spherobot
cannot swim because of Purcell’s scallop theorem (34); its reciprocal stroke does not break time-reversal
symmetry. At low, nonzero Re the spherobot started to swim and, interestingly, switched swimming direction
from a small-sphere-leading to a large-sphere-leading regime. We found that the point of transition collapsed
to a critical value when the appropriate Reynolds number was used, which revealed a strong dependence
on the SS flows of the small sphere. Analyzing the flow fields, we showed that the transition in swimming




2.3.1 Immersed Boundary Method
To simulate the dynamics of the spherobot in a fluid, we used the immersed boundary (IB) method (61).
We specifically used an exactly constrained immersed boundary (CIB) method (62,63) to enforce the rigid-body
motion of the two spheres that comprise the spherobot. This method also allowed us to couple the two spheres
via a stiff spring. The fluid surrounding the spherobot was assumed to be viscous and incompressible.
The IB method for fluid-structure interaction uses an Eulerian formulation of the momentum equation
and incompressibility constraint for the coupled fluid-solid system along with a Lagrangian description of the
motion of the immersed structures. Let x ∈ Ω be fixed Eulerian physical coordinates, and let s ∈ U i be fixed
Lagrangian curvilinear coordinates attached to the structure. In our notation, X(s, t) ⊂ Ω is the physical




(x, t) = −∇p(x, t) + µ∇2u(x, t) + f(x, t), (2.1)
∇ · u(x, t) = 0, (2.2)
in which u(x, t) is the material velocity field, p(x, t) is the pressure field that imposes the incompressibility
constraint, f(x, t) is a body force that arrises from the presence of the immersed structure, ρ is the mass
density, and µ is the viscosity. Eulerian and Lagrangian variables are coupled via integral transforms with








u(x, t) δ(x−X(s, t)) dx . (2.4)
Eq. (2.3) converts the Lagrangian force density F(s, t) (which is a Lagrange multiplier force that constrains
the spheres to move as rigid bodies) to an equivalent Eulerian force density f(x, t), and Eq. (2.4) evaluates
the local material velocity at each structural position.
The position of each sphere of the spherobot is updated via:
∂X
∂t
(s, t) = U(s, t) = VCOM + WCOM ∧R(s, t), (2.5)
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in which VCOM and WCOM are the (unknown) translational and rotational velocities, respectively, and
R(s, t) = X(s, t)−XCOM(t) is the radius vector to the center of mass of the sphere. The Lagrangian force
density F(s, t) is required to satisfy the net external force and torque constraint on the immersed body:
∫
U
F(s, t) ds = Fexternal, (2.6)∫
U
R(s, t) ∧ F(s, t) ds = Texternal. (2.7)
We remark that the net external force and torque on the immersed structure excludes hydrodynamic traction
forces on the surface of the body, but could include forces and torques arising, for example, due to gravity,
surface tension, tethered springs, etc. In the case of the spherobot, Fexternal is nonzero and results from the
force applied by the active spring described in the main text, and Texternal = 0 because the active springs
pass through the centers of masses of the two spheres. There are no other external forces or torques.
In our computer model, each sphere of the spherobot was composed of a mesh of Lagrangian marker
points that were generated using an in-house MATLAB code, and the singular delta function kernels were
replaced by a 6-point regularized kernel fuction (62). The remainder of the spatial discretization and the time
stepping algorithm for the CIB method have been described in detail in prior work by some of us (62,63).
To simulate the dynamics of the spherobot, we used a distributed-memory parallel implementation of the
CIB method provided by the open-source IBAMR library (64). For our simulations, the fluid domain occupied
a container of dimensions 2 m×2 m×8 m in 3D and 2 m×8 m in 2D, (longest dimension= 30 r). Three
levels of local mesh refinement were used, with a refinement ratio of four between levels. The resolution
of the finest level of the fluid grid corresponded to a uniform 512 × 128 × 128 discretization in 3D and
a 512 × 128 discretization in 2D (see grid convergence study below). Additionally, regions of fluid that
contained a higher threshold of vorticity were dynamically refined as the simulation progressed. We used
no-slip boundary conditions at all sides of the fluid domain. The structural mesh spacing was taken to be 1.25
times greater than the background Eulerian grid spacing.
For Stokes flow (Re = 0), we set ρ = 0, so that the inertial terms in the Navier-Stokes equations are
zero. Additional simulation parameters are described in Table 2.1.
Note that due to the computational expense of running simulations in 3D, we performed an extensive
parameter sweep in 2D to understand which parameters affect the transition between the two regimes (Fig. 2.4,
Fig. 2.1) but all other results and fluid flow figures in the paper were from 3D simulations.
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Table 2.1: Simulation parameters.
Parameter Value
density, ρ (kg-m−3) 2
frequency, f (s−1) 10
number of Eulerian grid levels 3
Eulerian grid refinement ratio 1:4
time step size, ∆t (s) 10−4
2D Parameters
Reynolds number, Re [10−3, 150.0]
inverse Strouhal number, ε = Ar [0.8, 1.6]
M = rδ [0.04, 17.86]
sphere 1 radius, R (m) [0.2, 0.375]
sphere 2 radius, r (m) [0.15, 0.225]
equilibrium distance, d0 (m) [0.75, 1.50]
relative amplitude, A (m) [0.12, 0.24]
Eulerian grid dimensions (m) 2× 8
effective Eulerian grid resolution 128× 512
3D Parameters
Reynolds number, Re [5.0× 10−4, 80.0]
(includes Stokes, Re = 0)
inverse Strouhal number, ε = Ar 1.6
M = rδ [0.02, 7.50]
sphere 1 radius, R (m) 0.3
sphere 2 radius, r (m) 0.15
equilibrium distance, d0 (m) 0.75
relative amplitude, A (m) 0.24
Eulerian grid dimensions (m) 2× 2× 8
effective Eulerian grid resolution 128× 128× 512
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2.3.2 Grid convergence study
We chose to perform the convergence study in two spatial dimensions because running 3D simulations
at the most refined grid level is computationally expensive. In addition, the radial symmetry of the spherobot
lead to similar behavior in two- and three-dimensions. To test for spatial convergence, we compared three
effective fine-grid resolutions: a 64 × 256 discretization, a 128 × 512 discretization, and a 256 × 1024
discretization. The spherobot was evaluated for these three discretizations at Re = 3 and Re = 80 (two
representative Reynolds numbers with the velocity in the direction of the small sphere and large sphere,
respectively). Fig. 2.1 shows the position of the small and large sphere of the spherobot over a representative
8 cycles of oscillation. There was an excellent agreement between all three grid resolutions at Re = 3
(Fig. 2.1(a)). As expected, Re = 80 demonstrated the greatest error between grid resolutions (Fig. 2.1(b))
because boundary layers were smaller and resolving the separation of vortices was more challenging as Re
increased. However, there was good agreement between the 128× 512 and 256× 1024 grids. We calculated
the difference in the spherobot’s position over the first 40 cycles of oscillation at 128× 512 and 256× 1024
grid resolution, and found the mean difference in position was less than 0.1% of body lengths at both Re = 3
and Re = 80. Similarly, we found less than a 5% difference in the average velocity of the spherobot at
128 × 512 and 256 × 1024 grid resolution at both Re = 3 and Re = 80. For that reason, an effective
128× 128× 512 grid discretization and a 128× 512 grid discretization was used for all other 3D and 2D
simulations, respectively.
2.3.3 Spherobot Model
Here, we elaborate on the spherobot model (Fig. 2.2) described in the main text. At each time step, the
equilibrium distance of the actuated spring is updated, and an equal and opposite force is applied to each
sphere to move them a desired distance, d(t), apart. The magnitude and direction of the force applied to each
sphere depends on the relative positions of the two spheres. [FR(t), Fr(t)] = [+,−]k(x(t)− d(t)), in which
FR is the force applied to the large sphere, Fr is the force applied to the small sphere, k is a spring constant
(k = 2.5× 104 Nm−1), and x(t) is the current distance between the spheres. Note that FR = −Fr at every
instance in time (i.e., the swimmer is self-propelled). The prescribed distance between the spheres’ centers
changes sinusoidally with time, and the model ensures a geometrically reciprocal cycle (error ≈ 10−7 m).
The model conditions ensure that the spherobot swims only along the oscillation axis (vertical). The position
13
Figure 2.1: Grid convergence study shown at (a) Re = 3 and (b) Re = 80 (R = 0.3, r = 0.15, A = 0.24,
d0 = 0.75, 2D). Lines indicate the position of the large and small sphere as a function of time. Color and line
style indicate grid resolution: 64× 256 (dark grey, full), 128× 512 (magenta, broken), 256× 1024 (light
blue, dashed). Effective 128× 128× 512 grid resolution was used for all other simulations in this paper.
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Figure 2.2: (a) Immersed boundary spherobot was composed of solid spheres with Lagrangian spacing
1.25 times greater than the Eulerian spacing. (b) The spherobot was immersed in a box with viscous,
incompressible fluid. No slip boundary conditions were used on all sides.
of the center of mass (COM) of the spherobot is defined as rCOM =
VRpR+Vrpr
VR+Vr
, in which VR and Vr are the
volumes and pR and pr are the position vectors of the centers of each sphere.
We let the spherobot swim until steady state swimming speed was reached, less than a 1% change in
swimming speed per cycle of oscillation between consecutive cycles. We performed a linear regression of the
position of the COM and time over ten cycles of oscillation after steady state had been reached and took the
slope to be the average steady state swimming speed of the spherobot. The spherobot velocity was reported
as the dimensionless velocity, v/fr. The visualization and analysis of the flow fields was done in VisIt (65).
The Re used here is one of many dimensionless ratios that can be defined from the length scales A,
Ar, AR, L (characteristic size of spherobot, e.g., R, r, d0, or some combination, such as R+ r + d0), and
δ = ( ν2πf )
1/2, which is the oscillatory boundary layer thickness. In this paper, we report the Reynolds
number, defined as Re = Arr
δ2
because it characterizes the transition between small-sphere-leading and
large-sphere-leading swimming. We note that because the spheres have the same mass densities, Ar = AR
2
r2+R2
in 2D and Ar = AR
3
r3+R3
in 3D, leading to e.g. Ar = 4AR in 2D and Ar = 8AR in 3D (for r = 0.15 m,
R = 0.3 m).
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Fig. 2.4(a) of the main text shows a comparison between the velocity curves in 3D (black curve) and 2D
(purple curve in inset). We clearly see that the magnitude of the velocity in 3D is smaller than it is in 2D. We
note that the simulations shown are identical in A = 0.24m, R = 0.3m, r = 0.15m, and d0 = 0.75m but are
different in Ar and AR. Our current method is unable to generate simulations with all the parameters being
identical in 3D and 2D. In order to match AR, Ar, and A in 3D, we would need to change Ar and AR in
2D. However, the change would be in opposite directions where, in 2D, Ar would increase from 0.192m to
0.213m, but AR would decrease from 0.048m to 0.027m. Considering the net force on the spheres must be
zero, this cannot be the case. If we increase Ar, we would also need to increase AR and in return increase A.
What would happen to the velocity if the changes were introduced? Compared to the current simulation
of 2D, in which Ar = 0.192m, the magnitude of the velocity of our swimmer should increase. We have data
supporting this claim. Considering Fig. 2.4(b), 2.7(b), they show us a direct relationship between V and A.
The magnitude of the velocity increases as the amplitude increases. With the proposed changes to our 2D
model parameters, we would in fact see a larger difference in the velocities than those of 3D and current 2D
data.
2.4 Simulation Methods
The spherobot was composed of two unequal spheres with radii r, R, which were coupled to one another
by prescribing the distance between their centers. To model this computationally, we tethered the two spheres
using an active spring with a time-dependent distance d(t) = d0 +A sin(ωt), in which d0 is the equilibrium
distance between the sphere centers, A = 0.5(dmax − dmin) is the amplitude of the spherobot, and ω is the
frequency of oscillation (Fig. 2.3). Equal and opposite (spring) forces were applied to the spheres that acted
to keep them approximately at the prescribed distance apart (error ≈ 10−7m). Thus, the model ensures a
geometrically reciprocal cycle and a force-free swimmer. Because the same force is applied to both spheres,
the one with the smaller mass (the small sphere) will have a larger amplitude Ar than the one with the bigger
mass (large sphere), AR, (i.e. if r ≤ R then Ar ≥ AR). In most simulations we have Ar ≈ 4AR. The
amplitude of the spherobot A is the sum of the two, A = Ar + AR, Fig. 2.3. Both spheres were neutrally
buoyant with respect to the surrounding fluid. To simulate the spherobot in a fluid, we used an exactly
constrained immersed boundary (CIB) method (62,63). The CIB scheme is implemented in IBAMR (64,66),
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Figure 2.3: Reciprocal oscillation of the spherobot swimmer over one cycle. Spheres’ centers of mass
(COM)(blue circles) and the spherobot COM (green circle) are indicated. The distance between the spheres’
centers, d(t), is d0, at the equilibrium distance, d0 −A, minimum distance and d0 +A at maximum distance.
The total amplitude A = AR +Ar.
which provides several variants of the immersed boundary (IB) method (61) for fluid-structure interaction.
The spherobot was immersed in a fluid that occupied a finite cell with no-slip walls. The visualization and
analysis of the flow fields was done in VisIt (65). Further details on the model and method are given in the
Supplemental Material (SM) (67).
The swimming velocity of the spherobot was measured after steady state had been reached and was
defined as the net displacement of the spherobot center of mass over one cycle. We defined the Reynolds
number as Re = Arr/δ2 = Arrω/ν because, as we will show, it is the ratio that determines the transition
between small-sphere-leading and large-sphere-leading regimes; δ =
√
ν/ω is the oscillatory boundary layer
thickness and ν is the kinematic viscosity of the fluid. We carried out simulations in 2D and 3D and found
qualitative agreement. We focused on 2D because it allowed us to study a much broader parameter space.
The range studied in Re was 0.001 ≤ Re ≤ 150. All other parameter ranges (amplitude, radii,etc.) are
shown in the SM, table 2.1 (67).
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Figure 2.4: Velocity of the spherobot as a function of Re in 2D for a range of A, d0, R, r shown in the
legend. The inset shows the small-sphere-leading regime plotted on a semi-log-x scale. Parameters A, d0, R,
and r are non-dimensionalized by the length scale, r0 = 0.15m, the radius for the small sphere. Line color
indicates A, line saturation indicates d0, line style indicates R, and symbols indicate r. Negative velocity
indicates swimming in the direction of the small sphere, positive velocity indicates swimming in the direction
of the large sphere. Vertical dashed lines denote critical Re for transition.
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Figure 2.5: Left column: Small-sphere-leading regime at Re = 2. Right column: Large-sphere-leading
regime at Re = 30. Spherobot velocity field superimposed with the vorticity field and streamlines in (a) the
small-sphere-leading regime and (b) the large-sphere-leading regime. The largest dimensionless velocity
magnitude in (a), (b) is |vmax|/fr = 0.88. Schematic diagrams showing the reversal of steady streaming
flows for one sphere in the limiting cases (c) δ  r, and (e) δ  r. Due to symmetry the lower left quadrant
is indicated with a dashed line. Velocity vector plot superimposed with the vorticity field for one sphere at (d)
Re = 2 and (f) Re = 30. The largest dimensionless velocity magnitude in (d), (f) is |vmax|/fr = 1.1. All
velocity vectors are scaled the same.
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2.5 Results
We initially placed the spherobot in the simulation box at constant A, AR, Ar, d0, f , R, r and varied
the Re via the kinematic viscosity, ν. As a validation, we ran a simulation at Re = 0 and confirmed that the
spherobot did not swim because of Purcell’s theorem for reciprocal swimmers (34). As soon as Re > 0 (lowest
value Re = 0.001) the spherobot began to swim in the direction of the small sphere (Fig.2.4), i.e. the small-
sphere-leading regime. As Re increased, the speed of the spherobot increased until reaching a maximum at
Re ≈ 2. Above Re ≈ 2 the spherobot slowed down and eventually had no net displacement (even though the
spheres oscillated) at Re ≈ 20. As Re increased further, the spherobot switched direction to swim with the
large sphere on the front, i.e. the large-sphere-leading regime, where its increasing speed started to plateau as
Re increased further. We then ran a broader parameter sweep varying R, r, A, AR, Ar, and d0 besides the
viscosity ν. We found that the transition only depended on the small sphere’s radius and amplitude (besides
viscosity) and that it was independent of all the other length scales R, AR and d0. The transition-point data
collapsed (within the scatter on a single, critical dimensionless number Re = Arr/δ2 ≈ 20 (Fig.2.4).
To gain insight into the propulsion mechanism and the switch in swimming direction, we turned our
attention to the flow fields generated by the spherobot. Based on classical work on steady streaming generated
by a single oscillating sphere, we expected each sphere of the spherobot to generate SS flows, which are
time-averaged flows by definition. We also anticipated the SS flows around the spherobot to be different
than the classical SS flows around a sphere for two reasons. First, the small sphere’s oscillation amplitude,
Ar, was of the same order of magnitude as the sphere radius, i.e. ε = Ar/r ≈ O(1) unlike the assumption
for classical steady streaming where ε 1 (38,39,68). Second, it was unclear what the cumulative SS flows
of two spheres oscillating in antiphase should be, as it has only been studied for spheres and cylinders in
phase (55,69–71). Bearing these considerations in mind, we calculated the time-averaged flow fields around
the spherobot, varying the same parameters as before, (Fig. 2.4). We found that the switch in the swimming
direction at Re ≈ 20 corresponded to the reversal of the SS flows both parallel and perpendicular to the axis
of oscillation. Specifically, in the small-sphere-leading regime (Re < 20), the fluid, on average, was pulled
in towards the spheres along the axis of oscillation and was pushed out away from the spheres along the axis
perpendicular to the oscillation, (Fig. 2.5 (a)). On the contrary, in the large-sphere-leading regime (Re > 20),
the fluid, on average, did the opposite – it was pushed away from the spheres along the direction of swimming
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(with a strong downward jet below the small sphere) and was pulled in towards the gap between the spheres
in the direction perpendicular-to-swimming (Fig. 2.5 (b)).
Furthermore, in both regimes it is clear that the velocity vectors along the oscillation axis are larger
around the small sphere than the large sphere, (Fig. 2.5). In fact, through control volume analysis we found
that for both regimes, the momentum flux on the side of the small sphere was larger than the momentum
flux on the side of the large sphere, (the ones along the perpendicular axis generated fluxes that canceled
each other). Though initially unexpected, this finding makes sense together with the collapse, which depends
on the Re of the small sphere only, (Fig. 2.4). The net momentum flux of course switches direction as the
swimming direction switches, (see Fig. 2.6 (67)). Our data, thus, strongly suggest that the transition in the
spherobot’s swimming direction is due to the reversal of SS flows, which is associated with the switch in the
direction of the net momentum flux (67).
2.6 Discussion
To better understand the reversal of SS flows, we will consider what is known for one sphere. Analytic
solutions have been obtained under the small-amplitude assumption Ar  r and in the two limiting cases
relating the sphere radius to the boundary layer thickness, δ  r and δ  r. The two limiting cases
demonstrate a reversal in direction, shown schematically in Fig. 2.5(c),(e) (38,39,68). In the first case, the
boundary layer thickness is much larger than the radius, δ  r, (Fig. 2.5(c)). Due to symmetry we describe
one quadrant of flow. A single vortex that is the boundary layer is generated near the surface of the sphere,
which pulls fluid along the axis of oscillation and pushes fluid out in the perpendicular. In the second case,
the boundary layer thickness is much smaller than the radius of the sphere, δ  r, (Fig. 2.5(e)). Two vortices
are generated swirling in opposite directions. The boundary layer is confined into an inner vortex close to
the surface of the sphere (same direction as in the first case) but there is an additional outer vortex in the
opposite direction – it pushes fluid out along the axis of oscillation and pulls it in along the perpendicular.
The analytical limiting solutions, that we just described, provide us a with qualitative picture; we cannot use
them for direct comparison because neither Ar  r nor δ  r or δ  r holds true for our system. Instead,
we compare our results to experiments and simulations, where ε = Ar/r = O(1) and r/δ = O(1), as for the
spherobot.
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Unlike the spherobot where the reversal of flows corresponds to a switch in the direction of swimming,
the point where reversal of flows occurs for a single sphere is not well-defined (38,52,72,73). Experimental
observations have reported that they could observe the inner vortex when r/δ ≤ 4 (74), while experiments and
simulations reported the coexistence of inner and outer vortices with opposing flows for r/δ ≥ 7 (74–78). It
was also shown that the reversal of flows depends on the sphere’s amplitude, yet a specific scaling was not
found (52,72–74). Relating all this back to the spherobot, our data collapse gave Re = Arr/δ2 as the critical
parameter for the transition in swimming direction, a scaling that includes an amplitude dependence, as
suggested by previous works. Moreover, we found that when plotting the dimensionless velocity of the
spherobot as a function of r/δ, the transition in swimming (Re ≈ 20) occurred in the range r/δ ≈ [3.5, 7],
(see Fig. 2.9 (67)), again in agreement with previous reports on the reversal of SS flows for a sphere.
We can make an analogy that the large sphere of the spherobot acts like the body of the swimmer while
the small sphere acts like the flagellum. In fact, it is really interesting that the SS flows, which are unrelated
to the squirmer models, in the small-sphere leading regime resemble the flow field of Stokesian pullers and in
the large-sphere leading regime resemble the flow field of Stokesian pushers (2,3,79). However, the organisms
that swim like pullers and pushers such as algae and bacteria, respectively, have different appendages in order
to perform the “pulling” or the “pushing”. What is remarkable here is that the geometry of the spherobot
does not have to change – the small sphere can act as an effective flagellum that can both “pull” and “push”
depending only on the critical parameter Re = Arr/δ2. E.g. our swimmer can change its amplitude and it
will switch swimming direction.
2.7 Conclusions
To conclude, we have proposed a model spherobot swimmer that utilizes SS in a novel way, to propel
itself. The main findings of the current letter are (i) a transition in the swimming direction that collapses
onto a single critical Reynolds number and (ii) the physical mechanism for the transition in swimming is the
reversal of SS flows. Based on our findings, we propose that SS can be an important physical mechanism
present more generally in motility at Reint both in biological organisms but also when designing artificial
swimmers (58,60,80,81). Finally, we expect to find interesting emergent collective behavior of multiple spherobot
swimmers as nonlinearities add up leading to different steady states and patterns.
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2.8 Supplemental Information
2.8.1 Momentum flux calculations
To quantify the differences in flow in the two regimes, we calculated the time-averaged mass and
momentum fluxes through upstream and downstream planes located at distance R above and below the
spherobot (Fig. 2.6). At Re = 3, the fluid velocity was negative/positive in the planes above/below the
spherobot. The reverse was true at Re = 80. In both cases, the momentum flux through the plane below the
small sphere (red arrows) was greater than the momentum flux through the plane above the large sphere (i.e.
the momentum flux of the stream below the small sphere is greater than the momentum flux of the stream
above the large sphere).
2.8.2 Additional spherobot velocity data
Fig. 2.8 shows the velocity of the spherobot as a function of Re for different sphere sizes, R and r.
Fig. 2.7 shows the velocity of the spherobot as a function of Re for a range of A, d0, and ν with constant
large sphere radius, R = 0.30m and small sphere radius, r = 0.15m. We have broken down Fig. 2.4 in the
main text to explain how each of the parameters we vary affects the spherobot velocity.
As the spherobot’s amplitude A increases, its velocity also increases, which makes intuitive sense;
imagine being able to reach farther in a swim stroke (Fig. 2.7(b)(i),(ii)). In contrast, if the equilibrium
distance d0 increases, the spherobot’s velocity decreases, which again makes intuitive sense if we consider
a spherobot where the spheres are very far away from one another, i.e. d0 → ∞; the spheres oscillate
independently, and there is no swimming (Fig. 2.7(a)(i),(ii)). Similarly, if the small sphere radius r increases
or the ratio rR → 1, the velocity of the spherobot also decreases, showing that the more asymmetric the
spherobot, the larger its swimming velocity (Fig. 2.8). Of course if the asymmetry is such that there is
effectively only one sphere e.g. R→∞ or r → 0 then again there is no swimming.
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Figure 2.6: Momentum flux calculated upstream and downstream from the spherobot for (a) a representative
small-sphere-leading case (Re=3) and (b) a representative large-sphere-leading case (Re = 80) (R = 0.3,
r = 0.15, A = 0.24, d0 = 0.75, 3D). The planes were 4R x 4R and locatedR above and below the spherobot
(shown in light blue). Fluxes were time-averaged over a cycle after steady state had been reached.
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Figure 2.7: Velocity of the spherobot as a function of Re for a range of A, d0, and ν with constant large sphere
radius, R = 0.30m and small sphere radius, r = 0.15m (2D). Velocity of the spherobot for (a) a range of d0
with constant A ((i) A = 0.15m and (ii) A = 0.18m) and (b) a range of A with constant d0 ((i) d0 = 0.9m
and (ii) d0 = 1.2m). At 0 < Re < 20, the spherobot swims with the small sphere leading. At Re≈20, there
is a switch in direction. At Re > 20 the spherobot swims with the large sphere leading. The spherobot does
not swim in Stokes flow, Re = 0. (Line color indicates A and line saturation indicates d0.)
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Figure 2.8: Velocity of the spherobot as a function of Re for a range of R, r, and ν with constant amplitude,
A = 0.21m, and center-center distance, d0 = 0.975m (2D). The radii used are shown in the legend. At
0 < Re < 20, the spherobot swims with the small sphere leading. At Re≈20, there is a switch in direction.
At Re > 20 the spherobot swims with the large sphere leading. Inset shows the small-sphere-leading regime
plotted on a semi-log-x scale. (Line saturation indicates d0, line style indicates R, and symbols indicate r.
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Figure 2.9: Velocity of the spherobot as a function of rδ . Swimming transition regime indicated by region in
between vertical dashed lines. Negative velocity indicates swimming in the direction of the small sphere,
positive velocity indicates swimming in the direction of the large sphere. Parameters A, d0, R, and r are
non-dimensionalized by the length scale r0 = 0.15m, the most common radius of the small sphere. Line
color indicates A, line saturation indicates d0, line style indicates R, and symbols indicate r.
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CHAPTER 3:
Kinematics of a simple reciprocal model swimmer at intermediate Reynolds numbers1
3.1 Overview
We computationally study the kinematics of a simple model reciprocal swimmer (asymmetric dumbbell)
in a Newtonian fluid as a function of the Reynolds number (Re) and investigate how the onset and gradual
increase of inertia impacts the swimming behavior: a reversal in the swim direction, flow directions, and
the swim stroke. We divide the swim stroke into the increase and decrease in the distance between the two
spheres, termed expansion and compression respectively, and relate them to power and recovery strokes.
We find that the switch in swim direction also corresponds to a switch in power and recovery strokes. We
obtain expressions for the mean swimming velocity by collapsing the net displacement during expansion and
compression under power law relationships with respect to Re, the swimmer’s amplitude, and the distance
between the two spheres. Analyzing the fluid flows, we see the averaged flow field during expansion always
resembles a pusher and compression always a puller, but when averaged over the whole cycle, the flow that
dominates is the one that occurs during the power stroke. We also relate the power and recovery strokes to
the swimming efficiency during times of expansion and compression, and we find that the power stroke is,
surprisingly, not always more efficient than the recovery stroke. Our results may have important implications
for biology and ultimately the design of artificial swimmers.
3.2 Introduction
Biological and artificial swimmers exist across a broad range of length scales, spanning from micron-
sized bacteria and self-propelled nanoparticles to large aquatic organisms and marine robots on the order of
meters. Swimming can be categorized by the Reynolds number (Re) which relates viscous and inertial forces.
Microscopic swimmers at low Re, where viscosity dominates, swim differently than high-Re swimmers,
1 This chapter previously appeared as an article in Physical Review Fluids. The original citation is as follows: Thomas Dombrowski
and Daphne Klotsa, Kinematics of a simple reciprocal model swimmer at intermediate Reynolds numbers. Phys. Rev. Fluids 5,
063103 (2020)
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where inertia dominates. Indeed, in nature one can see bacteria swim with a corkscrew chiral flagellum
at low Re, while larger fish undulate their bodies pushing fluid backwards to move forwards at high Re.
Between the two extremes resides the intermediate Reynolds regime (Re ≈ 0.1− 1000), where both viscosity
and inertia play a role. Mesoscopic organisms i.e. those that operate at intermediate Re are diverse both
in size, ≈ 0.5mm - 50cm, and in swimming mechanisms, including for example jet propulsion of squid
and jellyfish (4,5), rowing of copepod antennae (14,15), aquatic flapping flight of pteropods (11,82), anguilliform
(eel-like) locomotion (6–10), and ciliate beating (12,13). Understanding motility in fluids is important both for
answering fundamental biological questions, such as how do organisms swim, feed, communicate, etc. but
also for the design of artificial swimmers and flyers, such as marine robots and drones.
To gain insight into generic features and underlying physical mechanisms, simple theoretical models
have been developed such as the scallop and Purcell’s three-link-swimmer (34), the squirmer model (2,3,49,79),
asymmetric and symmetric dumbbell swimmers (83–85), the three-sphere swimmer (86), and the push-me-
pull-you swimmer (87). Most of the models have focused on microscopic scales where inertia is negligible
because: a) there are a lot of interesting biological questions and applications at microscopic scales, such
as intracellular dynamics and processes in the cytoplasm, cell motility, bacteria, and algae (88), as well as
artificial swimmers, such as self-propelled colloids and nanoparticles aspiring for example to aid in drug
delivery (89,90); and b) because Stokesian swimmers must break time reversibility, which makes their design
theoretically challenging. While the Stokes regime is indeed very interesting, it is as important to understand
what happens as we move away from the strict Re = 0 Stokes regime, when and how inertia kicks in, and its
consequences for different kinds of swimmers (e.g. different geometries and motility mechanisms). Models
that include finite inertia are the inertial squirmer (19–25), the flapping plate (26,27), and the asymmetric and
symmetric dumbbell swimmers (28–32).
It is worth noting that a lot of biology takes place near the boundary between the Stokes and intermediate
Reynolds regimes, yet where the boundary is precisely is generally unknown. Where the boundary is matters
because organisms have to change their swimming mode, feeding strategy, etc. depending on the regime
in which they live. Switching regimes is not unusual, in fact, a plethora of organisms born into the Stokes
regime move out of it as they grow in size. We would expect that they also change the way they move as a
result of this change in regime. For example, the mollusk C. antartica switches from using cilia to flapping
as it grows (36), the brine shrimp transitions from rowing to gliding with metachronally-beating legs (91), and
the nymphal mayfly transitions from rowing to flapping with its gill plates (92). From an applications point of
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view, understanding the physics near the boundary can help us design artificial swimmers or (microfluidic)
processes that utilize the relative ratio of inertial and viscous forces, switching between regimes, and thus
switching between desired properties. For a longer discussion on biology and applications at intermediate Re,
see (1).
In this paper, we studied the kinematics of a simple reciprocal model swimmer as a function of the
Reynolds number. The same asymmetric dumbbell model (termed the spherobot) was determined to switch
swim direction depending on the Reynolds number because of the corresponding induced steady streaming
flows (31). The spherobot switched from a small-sphere-leading regime to a large-sphere-leading regime at
Rec ≈ 20. Here, we studied the motion of the spherobot swimmer in more detail by splitting its oscillation
into the expansion and compression of the two spheres and collapsed their corresponding net displacements
under piece-wise power law relationships with respect to Re, inverse Strouhal number ε, and equilibrium
distance between spheres d0. We also related the expansion and compression to power and recovery strokes.
We found that the switch in swim direction as Re increased corresponded to a switch in the power and recovery
strokes. In the small-sphere leading regime (Re < Rec), the power stroke occurred during compression
and the recovery stroke during expansion, while the reverse occurred in the large-sphere-leading regime
(Re > Rec). We noticed how as Re increased and inertial forces became more dominant, our swimmer
transitioned from a jerky, back-and-forth motion with a large backward displacement during the recovery
stroke in the small-sphere-leading regime to a continuous movement forward in the direction of swimming all
in the same direction, with no backward displacement during the recovery stroke in the large-sphere-leading
regime. By studying the fluid flows, we saw that the averaged flow field during expansion was always
pusher-like and during compression puller-like, which is to be expected, but when averaged over the whole
cycle one of the two flow fields dominated. We determined the most dominant flows consistently occurred
during the power stroke in each regime. We also related the power and recovery strokes to the spherobot’s
efficiency during times of expansion and compression, and we found that the power stroke was, surprisingly,
not always more efficient than the recovery stroke. The subtle differences in Re that can lead to switching
regimes and swim strokes may have important implications for biology and ultimately the design of artificial
swimmers.
The structure of the paper is as follows. In section II, we briefly describe the model, computational
method, and simulation details. In section III we present results for the kinematics of the spherobot, section IV
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for averaged fluid flows, efficiencies, and the evolution of fluid flow. We end with discussion and conclusions
in section V.
3.3 Methods
The spherobot is a geometrically simple, reciprocal model swimmer composed of two unequally sized
spheres of radii R and r, such that R > r (asymmetric dumbbell), see Fig. 3.1(a) and refs (31,67). The spheres
oscillate in antiphase with respect to each other, and they are coupled to one another by prescribing the
distance between their centers, d(t) = d0 +A sin(2πft), with an actuated spring, where d0 is the equilibrium
distance between the centers, A is the amplitude of the spherobot A = 0.5(dmax − dmin), and f is the
frequency of oscillation, see Fig. 3.1(a). At each time step, the equilibrium distance of the actuated spring is
updated, and an equal and opposite force is applied to each sphere to move them a desired distance, d(t),
apart. The magnitude and direction of the force applied to each sphere depends on the relative positions of
the two spheres. [FR(t), Fr(t)] = [+,−]k(d(t)− x(t)), in which FR is the force applied to the large sphere,
Fr is the force applied to the small sphere, k is a spring constant, and x(t) is the current (actual) distance
between the spheres. Note that FR = −Fr at every instance in time (i.e., the swimmer is self-propelled). The
prescribed distance between the spheres’ centers changes sinusoidally with time, and the model ensures a
geometrically reciprocal cycle (error ≈ 10−7 m). The model conditions ensure that the spherobot swims only
along the oscillation axis (vertical). Since the forces were equal in magnitude and the spheres were of the
same density, their amplitudes were different: AR < Ar and A = AR + Ar. Subscripts R and r indicate
quantities specific to the large and small sphere, respectively. Both spheres were neutrally buoyant with the
surrounding fluid, i.e. they had equal densities ρp = ρf = ρ.
The spherobot was immersed in a viscous, incompressible Newtonian fluid that occupied a finite cell
with no-slip walls. The fully-coupled fluid-structure interaction system was resolved using the Constrained
Immersed Boundary (CIB) method (62,63). The CIB scheme was implemented in IBAMR, which is an
immersed boundary numerical method with adaptive mesh refinement (64,66). The IB method for fluid-
structure interaction uses an Eulerian formulation of the momentum equation and incompressibility constraint
for the coupled fluid-solid system along with a Lagrangian description of the motion of the immersed
structures. Let x ∈ Ω be fixed Eulerian physical coordinates, and let s ∈ U i be fixed Lagrangian curvilinear
coordinates attached to the structure. In our notation, X(s, t) ⊂ Ω is the physical position of material point s
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Figure 3.1: (a) Reciprocal oscillation of the spherobot swimmer over one cycle. The large sphere (orange)
with radius R always oscillates in the opposite direction of the small sphere (blue) with radius r. The distance
between the spheres d(t) = d0 + A sin(2πft) is prescribed to be of a simple harmonic oscillator with
frequency f , where d0 is the equilibrium distance between the spheres, and A = Ar +AR is the amplitude
of the spherobot. The amplitude of the small and large spheres are Ar and AR respectively. When absent of
fluid, the spherobot’s center of mass (CM), shown in purple, does not move throughout the oscillation. (b)
Simulation specifications and parameters




(x, t) = −∇p(x, t) + µ∇2u(x, t) + f(x, t), (3.1)
∇ · u(x, t) = 0, (3.2)
in which u(x, t) is the material velocity field, p(x, t) is the pressure field that imposes the incompressibility
constraint, f(x, t) is a body force that arrises from the presence of the immersed structure, ρ is the mass
density, and µ is the viscosity. Eulerian and Lagrangian variables are coupled via integral transforms with








u(x, t) δ(x−X(s, t)) dx . (3.4)
Eq. (3.3) converts the Lagrangian force density F(s, t) (which is a Lagrange multiplier force that constrains
the spheres to move as rigid bodies) to an equivalent Eulerian force density f(x, t), and Eq. (3.4) evaluates
the local material velocity at each structural position.
32
The position of each sphere of the spherobot is updated via:
∂X
∂t
(s, t) = U(s, t) = VCOM + WCOM ∧R(s, t), (3.5)
in which VCOM and WCOM are the (unknown) translational and rotational velocities, respectively, and
R(s, t) = X(s, t)−XCOM(t) is the radius vector to the center of mass of the sphere. The Lagrangian force
density F(s, t) is required to satisfy the net external force and torque constraint on the immersed body:
∫
U
F(s, t) ds = Fexternal, (3.6)∫
U
R(s, t) ∧ F(s, t) ds = Texternal. (3.7)
We remark that the net external force and torque on the immersed structure excludes hydrodynamic traction
forces on the surface of the body, but could include forces and torques arising, for example, due to gravity,
surface tension, tethered springs, etc. In the case of the spherobot, Fexternal is nonzero and results from the
force applied by the actuated spring, and Texternal = 0 because the actuated spring passes through the centers
of masses of the two spheres. There are no other external forces or torques.
In our computer model, each sphere of the spherobot was composed of a mesh of Lagrangian marker
points that were generated using an in-house Python code, and the singular delta function kernels were
replaced by a 6-point regularized kernel function (62). The remainder of the spatial discretization and the time
stepping algorithm for the CIB method have been described in detail in prior work (62,63).
An adaptive mesh is implemented to improve the efficiency of the simulation. The coarsest level is
broken up into N=8 cells along one dimension. We use a grid refinement ratio of 1:4 where the next highest
refinements are N=32, 128, and 512. There are 4 refinement levels, and the spherobot’s mesh is evaluated at
the highest grid refinement of N=512. The simulation box is 6× the length of the swimmer and it is 53× the
radius of the small sphere to prevent interactions with the wall.
In previous work, we investigated the spherobot, which was shown to switch swim direction depending
on a critical Re (31). The swim direction was related to the reversal of steady streaming flows (SS) around the
small sphere (38). We note three important findings that are relevant in this paper too: 1) The steady streaming
reversal of the time-averaged flow fields over a cycle was qualitatively similar to puller and pusher flow fields
defined in Stokes flows, although these swimmers were at finite inertia and no assumptions were made on
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the fluid flows; 2) we showed that steady streaming flows can be used as a propulsion mechanism, which is
especially interesting in the low-intermediate Re < 20, where inertia is weak; and 3) Although the SS flows
reversal is gradual as a function of Re, the result in a system like ours is a drastic change in behavior, namely
change the direction of swimming.
Before we further discuss the spherobot, let us first consider the simpler problem of a single oscillating
sphere with angular frequency ω, amplitude A, and radius r. As discussed in Lauga (19), in general, there
are three relevant dimensionless ratios in this class of problems: the frequency (flapping) Reynolds number
Ref = rAω/ν which scales with the non-linear advective term in the Navier-Stokes equations (19,93–95),
M2 = r2ω/ν, which scales with the unsteady term in the Navier-Stokes equations (38), and the particle
Reynolds number Rep = ρpr2ω/ρfν, which quantifies the particle inertia. Note that for us ρp = ρf so
the particle Reynolds number reduces to M2. The oscillatory motion introduces a relevant length scale,
the oscillatory boundary layer thickness, δ =
√
ν/ω (96). M can also be thought of as the ratio of the
particle radius r to the oscillatory boundary layer thickness δ. An oscillating sphere also produces a nonzero
cycle-averaged flow otherwise known as steady streaming, and there is an additional dimensionless ratio,
the streaming Reynolds number Res = A2ω/ν, which quantifies the steady streaming flows around a single
oscillating sphere beyond the oscillatory boundary layer (38,39,52). At intermediate Reynolds numbers, choosing
which dimensionless ratio best characterizes the system is challenging because a lot of the parameters can
have similar magnitudes, as is the case here. Thus, even for the simpler case of one oscillating sphere there
are at least four relevant dimensionless ratios.
Additional complexity enters the system when we include a second sphere of different size oscillating
antiphase, resulting in net motion, i.e. swimming. First, there are the extra length scales of the second sphere
and of the whole swimmer, as well as the amplitude of the second sphere (apart from the ones stated above
i.e. amplitude and radius of first sphere, distance between spheres, oscillatory boundary layer thickness).
Second, there is a swimming Reynolds Reswim = Ul/ν, where U is the swim velocity, and l the swimmer’s
length scale. It is worth noting that for experimentally relevant systems, many of these length scales (that
enter the different dimensionless ratios) are of the same order of magnitude giving values for the ratios close
to 1. As a result, the problem becomes more challenging and often analytically intractable (97).
Here, we use Re = Arrω/ν as the reference Reynolds number (for simplicity the notation will be
just Re) because that was the Re we found to determine the spherobot switch in swim direction from a
small-sphere-leading regime (SSL) to a large-sphere-leading regime (LSL) in previous work (31). Note that a
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similar Re has been shown to dominate other intermediate-Re phenomena: the scaling of the stagnation point
indicating the reversal of outer and inner steady streaming (53,76) and the gap between two granular spheres
oscillating in phase (55,57).
We investigated the spherobot’s movement in Stokes flow and in the range of 0.1 ≤ Re ≤ 150. If we
were to observe a dumbbell composed of a small sphere with radius r = 1mm and a large sphere with radius
R = 2r = 2mm which swims in water and oscillates with a frequency f = 10Hz and amplitude A = r = 1mm,
the Reynolds number would be in the intermediate range, Re = 2πfArr/ν = 50.3. We defined the length
scales with respect to the radius of the small sphere r and the time scales with respect to the frequency of the
oscillation f . We introduced the dimensionless positions, velocities, equilibrium distance between spheres,
and time
ŷ = y/r, v̂ = v/fr, d̂0 = d0/r, τ = ft, (3.8)
as well as the amplitude, kinematic viscosity, and large sphere radius
ε = A/r, M = r
√
ω/ν = r/δ, α = R/r, (3.9)
in terms of their dimensional counterparts. We performed a parameter sweep varying the fluid’s kinematic
viscosity M , the spherobot’s amplitude ε, and the equilibrium distance between spheres d̂0, while keeping the
spheres’ radii R and r, frequency f , and sphere and fluid density ρ constant (α = R/r = 2 and ρ = 2kg/m3).
All of the simulation parameters are shown in Fig. 3.1(b). The simulations were run long enough for the
spherobot to reach a steady state, defined as less than a one percent change in the average velocity over
consecutive oscillations. Data was acquired after steady state was reached. In most of the paper we focused
on two characteristic systems, one in the small-sphere-leading regime at Re = 2.5 and one in the large-sphere-
leading regime at Re = 70.0. For both systems, d̂0 = 6.5 and ε = 1.2. We used the software VisIt (65) for fluid
flow analysis. Other analysis was done with in-house Python code. In the rest of the paper, we assume the
spherobot is placed vertically (y-direction) with the large sphere on top and the small sphere at the bottom
(as shown in Fig. 3.1). For all figures showing a characteristic cycle of oscillation, the data is shifted in the
time axis in the following way. The first half of the cycle is a region of expansion, followed by a region of
compression in the second half. We define τ = ft as our dimensionless time unit, essentially the fraction of
time elapsed in the cycle. At τ = 0.00, 1.00 the spheres are at minimum distance d̂0− ε, at τ = 0.50 they are
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Table 3.1: List of net displacements
Variable Definition





∆ŷmin shift in compression
∆ŷ+ along 〈v̂CM 〉
∆ŷ− opposite to 〈v̂CM 〉
at maximum distance d̂0 + ε, and at τ = 0.25, 0.75 they are at their equilibrium distance apart d̂0. We use a
number of variables to describe the net displacement of the spherobot during its cycle, as shown in Table 3.1.
3.4 Results
3.4.1 Kinematics
We first studied how the periodic oscillation of the two spheres, that composed the spherobot, resulted in
net displacement of their combined center of mass (CM) over one cycle, ŷCM = (ŷrmr+ŷRmR)/(mr+mR),
where ŷ indicates position along the swimmer’s axis and m the mass of each sphere indicated by the subscript,
for a range of Re (Fig. 3.2). Note that because of the unequal masses of the spheres, the CM is actually on
the large sphere (see Fig. 3.1) and as such closely follows the trajectory of the large sphere. We used the CM
to indicate the displacement and velocity of the spherobot as a whole. Moreover, displacement was measured
in relation to the position of the CM at the start of the cycle at ŷCM = 0. The full parameter range of data
shown in Table 1 is found in the SI. We present our findings where the spherobot’s amplitude, ε = 1.2, the
equilibrium distance between spheres, d̂0 = 6.5, and the individual sphere radii, α = 2, were held constant
such that Re was only ∝ 1/ν. In other words, Re was increased gradually via the kinematic viscosity ν.
For Re = 0 (Stokes flow), the spherobot’s reciprocal motion resulted in no net displacement over a cycle,
as expected from the scallop theorem (34,84). It moved in the direction of the large sphere during expansion,
reaching maximum displacement half way through the cycle and then moved in the direction of the small
sphere during compression, ultimately returning exactly where it began, see Fig. 3.2(a) black curve.
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Figure 3.2: Kinematic quantities plotted as functions of time over one cycle of oscillation after steady state
had been reached. (a) Displacement of spherobot, represented by the net displacement of its center of mass
∆ŷCM , (b) velocity of spherobot represented by v̂CM , and (c) displacement of individual spheres of radius R
and r. Net swimming direction is indicated by the colors of the curves (black = Stokes flow, pink to yellow =
small-sphere-leading, and green to blue = large-sphere-leading. The Reynolds number is represented by the
shading of the curves, see legend.
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3.4.1.1 Small-sphere-leading (SSL)
As we transitioned from Stokes flow to intermediate Re, the spherobot’s trajectory changed, see
Fig. 3.2(a) pink to yellow curves. At the start of its cycle, the spherobot moves forward (small sphere on
the front), then slightly in the opposite direction during expansion and the initial part of compression; it
moves with the small sphere on the front for the rest of the compression, with net displacement in that same
direction at the end of the cycle. Note that the maximum displacement during the cycle is in the opposite
direction to that of net swimming. This backward maximum displacement occurred at the half-period mark
for Stokes flows and was shifted to a later time τ ≈ 0.55− 0.65 in the small-sphere-leading regime. As Re
increased both the maximum backward displacement near the half-period mark and the net displacement at
the end of the cycle got smaller, see curves from Re=0.5 to Re=13.5, at τ ≈ 0.5 and τ = 1, respectively. For
Re=18.0, the net displacement after one cycle is ≈ 0. The spherobot will switch direction and transition from
the small-sphere-leading to the large-sphere-leading regime.
3.4.1.2 Large-sphere-leading (LSL)
In the large-sphere-leading regime we see two behaviors, see Fig. 3.2(a) green to blue curves. First, for
Re=27 and Re=34, at the start of its cycle, the spherobot moves backward slightly (small sphere on the front),
and then moves forward (large sphere on the front) during expansion. It then continues to move forward
during compression, only to slightly move back again at the end of the compression, with net displacement
towards the large sphere. Already, it is clear that in the large-sphere-leading regime, the spherobot is hardly
ever found to be with displacement in the opposite direction to its swimming, converse to the small-sphere-
leading regime. Then, as Re increases further (Re > 45), the backward motion is suppressed more until the
spherobot moves in the direction of swimming at all times. The two behaviors are more evident from the
velocity plots, see Fig. 3.2(b) green curves, where for Re=27 and Re=34 the velocity at the start and the
end of the cycle is negative (towards the small sphere), while for all other higher Re, the velocity is always
positive (towards the large sphere).
3.4.1.3 Separate spheres
To understand how each sphere contributes to the overall motion, we also looked at the kinematics of
the spheres separately, see Fig. 3.2(c). During expansion (compression), for both regimes the large sphere’s
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Figure 3.3: We define slip to be the region of movement where both spheres move in the same direction. As a
result, the entire spherobot moves in the same direction as its spheres. Here, we show the non-dimensional
velocities (v/fr) of the spherobot v̂CM (purple), its large sphere v̂R (orange), and its small sphere v̂r (blue)
when it is (a) small-sphere-leading and (b) large-sphere-leading. We identify the regions of slip observed
during each spherobot’s oscillation with black circles, and the region is magnified to the right. For the
(a) small-sphere-leading spherobot, slip regions (1) and (2) are shown. (1) displays a region where slip is
small-sphere-leading. It occurs at the end of compression and at the start of expansion. (2) shows a region
where slip is large-sphere-leading. It occurs at the end of expansion and the start of compression. For the (b)
large-sphere-leading spherobot, slip regions (3) and (4) are identified. (3) and (4) show regions where the
spherobot slips large-sphere-leading. (3) occurs at the end of compression and the start of expansion. (4)
occurs at the end of expansion and the start of compression.
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net displacement ∆ŷR is always LSL (SSL), and the small sphere’s ∆ŷr is always SSL (LSL). During
compression, the large and small spheres do the opposite. The distinction in the trajectories of the two
regimes seems to appear during compression.
In Stokes flow, the trajectory of each sphere is symmetric with respect to time over a cycle, and the
two spheres are always antiphase. As we increase Re, the individual spheres are affected by the onset of
inertia differently resulting in a phase difference between them. We present data for two characteristic
systems (described in the Methods section), one in each regime. In Fig. 3.3, we compared the velocities
of the large sphere (orange), small sphere (blue), CM (purple), and identified regions of “slip” to be when
both spheres moved in the same direction. When both spheres’ velocities are negative (toward the small
sphere) we refer to SSL-slip and when they are both positive (toward the large sphere), we refer to LSL-slip.
In the small-sphere-leading regime, at the end of expansion and the start of compression we found slip in
the direction opposite to swimming (LSL-slip), while at the end of compression and the start of expansion
we found a larger slip in the direction of swimming (SSL-slip), see Fig. 3.3(a). In the large-sphere-leading
regime, at the end of expansion and the start of compression the slip was still LSL but now in the direction of
swimming, while at the end of compression and the start of expansion we found that the direction of slip
depended on the Re. As Re increased, the slip switched to LSL. In other words, the increase in inertia only
affected the slip direction after compression. So, we identified for Re > 0.0 two contributions to the motion
of the spherobot, the oscillatory and the slip (steady).
We also varied ε and d̂0 in addition to ν, shown in Fig. 3.2, the full parameter range shown in Table 3.1,
and additional plots are included in the SI (section I). The magnitude of the net displacement at the end of the
cycle increased when ε and Re also increased. Vice versa, the net displacement decreased when d̂0 increased
(Fig. 3.9, 3.10).
To help identify trends in the data, we decomposed ∆ŷCM into the net displacements during expansion
∆ŷexp and during compression ∆ŷcom. Fig. 3.4(a,b) shows an example of this decomposition for all
amplitudes and equilibrium distances studied. Let us consider expansion first. When the ∆ŷexp data is plotted
on a log-log scale, see Fig. 3.4(a), we see a constant negative slope followed by a constant positive slope,
indicative of two regions, each defined by a power law in Re. If we now consider compression and look at
the data for ∆ŷcom on a log-log scale, see Fig. 3.4(b), we observe three distinct trends with respect to Re
all with positive slopes, also determined to be power laws with different exponents. We considered three
variables Re, ε = A/r, and d̂0 and assume they are independent of one another. We partitioned the data
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Figure 3.4: (a) Net displacement of the spherobot during expansion ∆ŷexp as a function of Re on a log-log
scale for all ε and d̂0 simulated, see legend. Curves show a constant negative slope followed by a positive
slope except for when both ε = 0.8 (pink) and d̂0 = 9.0, 10.0. The turning point and the positive slope
change for different amplitudes ε (color). (b) Net displacement of the spherobot during compression ∆ŷcom
as a function of Re on a log-log scale. There are three distinct positive slope trends with Re. We fit the
expansion and compression displacements with respect to Re, ε, and d0 using a multiple variable linear
regression. (c) ∆ŷexp vs. Re on a log-log scale collapsed into a negative slope (black dashed) and a positive
slope region (red dashed). (d) ∆ŷcom vs. Re on a log-log scale collapsed into three distinct positive slope
regions. The corresponding relationships with Re, ε, and d0 are also shown in (c) and (d). The dotted grey line
represents the critical Reynolds number where the swimming direction switches from small-sphere-leading
to large-sphere-leading.
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into two expansion regions and three compression regions with Re, and performed a multiple variable linear
regression on each. It is important to note that each region has a different dependence on Re, ε, and d̂0. For
the expansion, the data was split where there was a minimum in ∆ŷexp, see Fig. 3.4(a). For compression,
the data was split where the slope changed at Re ≈ 2.0 and then again when ∆ŷexp was at a minimum (the
same criterion as the expansion data), see Fig. 3.4(b). The resulting collapse is shown on a log-log scale in
Fig. 3.4(c,d). Equations (3.10) and (3.11) show the fits for ∆ŷexp and ∆ŷcom, respectively, and their power
law relationships with Re, ε, and d̂0. It is worth noting that while there is currently no analytical theory for
finite amplitudes, the expressions we obtained from the collapse can be used to give a prediction for the
velocity of the spherobot, 〈v̂CM 〉 = f(∆ŷexp + ∆ŷcom), where f is the frequency of its oscillation.
∆ŷexp =

10−1.6Re−0.3ε1.4d̂0.80 Fig. 3.4(c) Black




10−2.9Re1.9ε−1.0d̂1.10 Fig. 3.4(d) Black
10−1.9Re0.4ε0.7d̂0.40 Fig. 3.4(d) Blue
10−1.6Re0.4ε1.7 Fig. 3.4(d) Red
(3.11)
3.4.2 Power and recovery
To gain insight into the spherobot’s motility mechanism in the two regimes, we divided its periodic
motion into power and recovery strokes, a classical analysis for the motility of Stokesian swimmers (41). In
living organisms, a common way to define power and recovery strokes is as follows. The power stroke occurs
when the swimmer’s appendage, i.e. the part of the swimmer that generates motion, moves opposite to the
direction of the mean swim velocity 〈v̂CM 〉, and the recovery stroke occurs when the appendage moves in
the same direction as 〈v̂CM 〉 (98,99). For example, one can imagine a human swimmer’s breast stroke. The
power stroke occurs when the swimmer’s arms move back to propel the swimmer forward, and the recovery
stroke occurs as the arms return to their original position. During the recovery stroke, the swimmer either
moves backwards or slows down depending on the motility mechanism, Re, etc. It is also important to note
that organisms with reciprocal strokes (stroke same forwards in time as backwards) cannot swim in Stokes
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Figure 3.5: The power and recovery stroke of the spherobot is determined by the movement of its appendage,
the small sphere, represented by v̂r. We define the power stroke to be when the small sphere moves opposite
to the direction of net motion, v̂r〈v̂CM 〉 < 0. Vice versa, the recovery stroke is defined to be when the small
sphere moves in the same direction as the net motion, v̂r〈v̂CM 〉 > 0. In this figure, the non-dimensional
velocity of the spherobot, v̂CM , is represented by the purple curves. The mean swim direction 〈v̂CM 〉 is
indicated by the purple arrow in the accompanying spherobot schematics. The shaded areas under the v̂CM
curve represent the displacements: in the mean swimming direction ∆ŷ+ (green) and opposite to it ∆ŷ−
(red). The power and recovery strokes for each swimmer are labeled by P and R, respectively. (a) The
spherobot in Stokes flow. Here, there is zero net displacement. Therefore, there is no power or recovery
stroke observed. (b) and (c) The spherobot swims net small-sphere-leading at Re=2.5. Its power stroke is
during compression, and its recovery stroke is during expansion. (d) The spherobot does not swim and its net
displacement is very small and approximated to be zero. Like Stokes flow, we do not observe a power or
recovery stroke. (e) and (f) The spherobot swims large-sphere-leading at Re=33.0 and Re=70.0. Its power
and recovery stroke are opposite of those observed for the small-sphere-leading spherobot. The power stroke
occurs during expansion, and the recovery stroke occurs during compression.
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flow meaning the power stroke is identical to the recovery stroke and the swimmer moves back and forth the
same amount i.e. the scallop or the spherobot.
How does a power and recovery stroke emerge as Re increases from 0 to finite? And how do the notions
of power and recovery strokes evolve as Re increases further? We aim to answer these questions for the
spherobot. We view the large sphere as the body of the swimmer and the small sphere as its appendage. The
justification of this is that the small sphere moves the most as it has a larger amplitude than the large sphere,
see also (31). Thus, we define the power stroke to be when the velocity of the small sphere and the average
velocity of the CM over the whole cycle are in opposite directions v̂r〈v̂CM 〉 < 0 and the recovery stroke when
the velocity of the small sphere and the average velocity of the CM are in the same direction v̂r〈v̂CM 〉 > 0.
Note that 〈v̂CM 〉 < 0 in the small-sphere-leading regime and 〈v̂CM 〉 > 0 in the large-sphere-leading regime.
In Fig. 3.5, we plot v̂CM (purple), the displacements in the same direction as 〈v̂CM 〉 termed ∆ŷ+ (green
area) and opposite to it ∆ŷ− (red area), and indicate power (P) and recovery strokes (R) in each regime. For
Re = 0.0, there was no distinction between power and recovery strokes because the spherobot does not swim
〈v̂CM 〉 = 0.0, Fig. 3.5(a). Connecting to the two regimes, in the small-sphere-leading regime, Fig. 3.5(b), the
spherobot performs a power stroke during compression and a recovery stroke during expansion. The effect of
inertia is already apparent: the curve has shifted in the time axis compared to Stokes flow, such that, early in
the recovery stroke, the swimmer is still moving forward due to the power stroke. Similarly the swimmer is
still moving backward early in the power stroke. As Re increases, the power and recovery strokes produce
smaller displacements in both directions, see Fig. 3.5(c). As a result, the spherobot experiences less intense
back-and-forth motion. Note that we do not see a further shift with respect to time. At the critical value where
the transition in the swimming direction occurs (Re = 18.0), expansion and compression generate smaller
but equal displacements in both directions; so the spherobot remains stationary over a cycle, see Fig. 3.5(d).
As Re increases further, the spherobot switches direction to swim large-sphere-leading, and now performs a
power stroke during expansion and a recovery stroke during compression, Fig. 3.5(e,f). Its periodic motion is
still prescribed and does not change, but the power and recovery strokes reverse. There is also a behavioral
change in the recovery stroke. When Re > 18 but still close to the transition, the recovery stroke produces a
backwards displacement (Fig. 3.5(e)), while for higher Re the recovery stroke does not produce a backward
displacement and just slows down the swimmer (Fig. 3.5(f)). The power stroke, on the other hand, does not
change much with Re and the maximum velocity remains approximately constant. This is a demonstration
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showing how the movement of a simple model swimmer is affected by the onset and gradual increase of
inertia.
3.5 Fluid Flows and Efficiency
We, previously, showed that in the small-sphere-leading regime the averaged flow over a cycle is
puller-like i.e. the flow is pulled in toward the spheres along the swimming direction and is pushed out along
the perpendicular, see Fig 3.6(c), while in the large-sphere-leading regime, the averaged flow over a cycle is
pusher-like i.e. the flow is pushed out away from the spheres along the swimming direction and is pulled in
along the perpendicular, see Fig 3.6(f) (31). We related this reversal of averaged fluid flows of the spherobot
to a reversal in steady streaming around a sphere calculated analytically by Riley (38). It is noteworthy that
while the spherobot operates at intermediate Reynolds numbers and the flow around it is generated by the
oscillation of the spheres, its average flow field qualitatively resembles the flow around Stokesian model
pullers and then pushers as Re increases and the flow field of the spherobot reverses. As discussed more in
Dombrowski et al. (31), there is no reason to assume that such a link would exist because the source of the
flow field and the hydrodynamics are different in the two cases: surface velocity oscillations at Re= 0 in the
squirmer model versus translational sphere oscillations at intermediate Re in the spherobot.
To get more insight into how the averaged fluid flow fields’ reversal relates to motion, we split the flows
averaging over expansion and compression separately for the two characteristic systems. The averaged flow
during expansion resembles a pusher and during compression a puller for both swimming regimes. This
makes intuitive sense as we expect the fluid to flow into the gap between the spheres during expansion and to
be pushed out of the gap during compression. There is a competition between pusher and puller type flow,
and depending on Re, either puller or pusher flow is more dominant, as evident by the difference in net flow
fields (c) and (f).
The presence of both puller- and pusher-like flows during the cycle for both small-sphere leading
(puller-like overall) and large-sphere-leading (pusher-like overall) regimes is interesting because it apparently
happens around living organisms too, albeit in Stokes flows. Chlamydomonas and sperm cells, for example,
have been shown to oscillate between puller and pusher flows even though they are classified as a puller
and pusher respectively based on the net far field flow (100). Relating to power and recovery strokes in each
regime, it is worth noting that the flow field that occurs during the power stroke is the one that dominates
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Figure 3.6: The average velocity field of a small-sphere-leading (top row) and large-sphere-leading (bottom
row) spherobot averaged over (left) expansion, (middle) compression, and (right) an oscillation cycle. Flow
magnitudes are represented by the heat map, and the flow direction is indicated by the black arrows. (a) Flow
field of small-sphere-leading spherobot averaged over expansion. The fluid flows outward along the swimming
axis and inward perpendicular. (b) Flow field of small-sphere-leading spherobot averaged over compression.
The flow is opposite to that of expansion, inward along the swimmer’s axis and outward perpendicular. (c)
Averaged over a whole cycle small-sphere-leading spherobot flow. The net flow is puller-like. (d) Flow field
of large-sphere-leading spherobot averaged over expansion. The fluid flows outward along the swimming
axis and inward perpendicular. (e) Flow field of large-sphere-leading spherobot averaged over compression.
The flow is opposite to that of expansion, inward along the swimmer’s axis and outward perpendicular. (f)
Averaged over a whole cycle large-sphere-leading spherobot flow. The net flow is pusher-like.
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over the cycle, see Fig. 3.6. Note that we are presenting the near-field flow here, which extends to the edge
of the box ∼ 53r. It will be interesting to do a systematic study of the near and far-field flow and how they
decay, and compare for example with the fields shown in Chisholm and Khair for inertial squirmers (24).
We also calculated the efficiency of our swimmer in each regime during expansion ηexp, compression
ηcom, and the whole cycle ηcyc. We defined the efficiency to be η = ∆y+/E. ∆y+ is the swimmer’s total




τ=0 0.5k(d(τ)− x(τ))2 is
the total energy added to the system over one cycle, where k is the spring constant, d(τ) is the prescribed
spring length and x(τ) is the current spring length in the simulation (see also section II). There was zero
contribution to the efficiency when the spherobot moved opposite to its swim direction. In Fig. 3.7, we
calculated the efficiency of the spherobot with parameters A = 0.18m and d0 = 0.98m and plotted as a
function of Re. In the small-sphere-leading regime, the spherobot was more efficient during compression
(green dotted line) than expansion (red solid line), ηcom > ηexp, i.e. it was more efficient to push fluid out
from between the spheres than to pull it in. In the large-sphere-leading regime, expansion (green solid line)
was more efficient than compression (red dotted line), ηexp > ηcom i.e. it was more efficient to pull fluid in
between the spheres than to push it out. For most Re, the power stroke is more efficient than the recovery
stroke. However, at Re ≈ 110 for this spherobot configuration, the recovery stroke becomes more efficient
than the power stroke. In fact, the Re where the recovery stroke becomes more efficient than the power stroke
depends on the separation distance of the spheres, d̂0. The larger the separation, the larger the Re where the
recovery becomes the more efficient stroke, see Fig. 3.19. We discuss possible explanations in the SI.
We can accredit the motion of the spherobot to the continuous evolution in its averaged fluid flow over
a cycle (steady streaming) across Re, see Fig. 3.8. First, at low Re, Fig. 3.8(a), the spherobot oscillations
generate only one vortex layer. The flow pulls inward along the swimming axis and pushes outward along the
perpendicular, see also Fig. 3.6(c). Because of the asymmetry in the spherobot, there is a resulting asymmetry
in fluid flow. The small sphere has a larger amplitude so its oscillation affects the surrounding flow farther
away than the large sphere does. In fact, steady streaming flows theoretically scale as A2ω/ν (39). Thus the
averaged flow appears to be dominated by the small sphere so much that the large sphere acts almost as an
obstacle. As a result, at the lower end of Re, the spherobot moves small-sphere-leading because the fluid
below the small spheres pulls it more than fluid above. As Re increases, the inner vortex layer reduces in size
and extent, and eventually an additional outer vortex layer forms only below the small sphere, see Fig. 3.8(b).
The outer vortex layer rotates counter to the inner vortex which creates a competition between pulling the
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spherobot down and pushing the spherobot up along its swimming axis (stagnation point). The spherobot
slows down and approaches zero. An outer vortex layer above the large sphere develops at a higher Re relative
to the outer vortex below the small sphere i.e. Fig. 3.8(c). When the spherobot is stationary at Re = Rec, the
inner vortex pulls the spherobot as strong as the outer vortex pushes it. As Re increases further, Fig. 3.8(d),
the outer vortex above the large sphere aligns its rotation with the outer vortex above the small sphere and it
disappears. The small sphere’s outer vortices become more and more dominant, and the spherobot is pushed
up more by the fluid below the small sphere. The inner vortex becomes smaller, δ =
√
ν/ω, and as a result
the spherobot becomes more efficient in swimming large-sphere-leading. Thus, here is another example
where we see how the spherobot’s movement is due to a competition between pushing and pulling.
3.6 Discussion
To summarize, we explored the spherobot’s kinematics and its relationship with Re, amplitude ε, and
the equilibrium distance between spheres d̂0 by collapsing the net displacements during expansion ∆ŷexp
and during compression ∆ŷcom. In the small-sphere-leading regime, the spherobot performed a back-and-
forth motion where it moved more in the direction of swimming during compression than in the opposite
direction during expansion. The backwards motion disappeared as Re increased and the spherobot moved
in the direction of swimming during expansion and slowed down during compression. We categorized the
spherobot’s swimming into power and recovery strokes. The swim stroke itself did not change, however,
due to the change in swim direction, the power and recovery strokes switched. We looked at the individual
sphere’s velocities and identified regions of slip where both spheres and the spherobot’s CM moved in the
same direction. We noticed the slip direction at the end of the power stroke was always in the same direction as
the net swimming. We analyzed the flow fields for a small-sphere-leading and large-sphere-leading spherobot.
Much like living organisms, there was a competition between puller and pusher type flow throughout the
cycle. When averaged over the whole cycle, the flow that dominated was the one that occurs during the
power stroke. We calculated the efficiencies of the spherobot over the cycle as well as during expansion and
compression separately. We determined that in the small-sphere-leading regime, it was more efficient to push
fluid out of the gap between the spheres than to pull fluid inward; the opposite was true for most Re in the
large-sphere-leading regime. There was additional complexity in the efficiency in the large-sphere-leading
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Figure 3.7: Efficiency of a spherobot with parameters ε = 1.2 and d̂0 = 6.5 as a function of Re where
ηexp (solid green and red), ηcom (dashed green and red), and ηcyc (black) are depicted. Also shown are the
efficiencies of the power (green) and recovery (red) strokes. The inset shows a close up of the efficiencies
in the small-sphere-leading regime. Here, the power stroke occurs during compression, the recovery stroke
during expansion, and ηcom > ηexp. Because there is a switch in swimming direction at Re ≈ 20, the power
and recovery strokes also switch. Now, ηexp > ηcom. As expected, the power stroke is more efficient than the
recovery, but up until Re > 110 for this configuration. There is also a trend in the spherobot’s cycle efficiency
where swimming large-sphere-leading is generally more efficient than swimming small-sphere-leading.
49
Figure 3.8: The fluid flow around the spherobot continuously evolves across Re. We provide four flows
averaged over a cycle, from a spherobot with d̂0 = 5.0 and ε = 1.2, across both swimming regimes to
highlight its evolution. Vortices of interest are identified with circles (O) and stagnation points are shown
with a (+). Their colors are chosen to contrast background vorticity. (a) At Re = 2.0, the spherobot swims
small-sphere-leading. We observe one pair of vortices from each sphere, and the small sphere’s vortices
dominate the surrounding flow. (b) At Re = 12.0, an outer vortex forms below the small sphere which
rotates counter to the inner vortex. The flow direction change below the small sphere is shown to occur at
the specified stagnation point. (c) At Re = 20.0, another outer vortex forms above the large sphere with an
accompanying stagnation point. There is a competition between pushing and pulling the fluid both above and
below the spheres, and the spherobot does not swim. (d) The spherobot now swims large-sphere-leading at
Re = 30.0. The outer vortex above the large sphere disappears, and the flow merges with the outer vortex
above the small sphere, pink circle. The outer vortex below the small sphere (green circle) remains and
moves closer to the spherobot. The outer vortices generated from the small sphere movement dominate the
surrounding fluid flow.
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regime where we found that at high Re depending on d̂0 the recovery stroke was more efficient than the
power stroke.
We stress the importance in understanding motility and its complexity at intermediate Re. Recent studies
have reported other model swimmers which can switch their swim direction based on internal or external
stimuli, see e.g. passively flapping plate (26) and asymmetric dumbbell shaker (30) respectively. It remains
open to see whether other model swimmers at intermediate Re show similar behavior, and what kind of
classifications can be made. The theoretical models, such as ours presented here, are important because
in their simplicity they hopefully capture physical mechanisms that are obscured by complexity in studies
of real organisms. For example, it is possible that steady streaming flows are present in real swimmers at
intermediate Re and could explain how they swim or switch between different modes of swimming. However,
few studies have investigated flow fields around intermediate-Re swimmers or even other biological systems
where there are fluid oscillations at intermediate Re, e.g. in the lung (101,102).
Another area of importance is how collective behavior emerges from the nonlinearities that arise when
many mesoscale organisms swim together. Are there systems where, say, two organisms individually swim
in one preferred direction, but together as a collective swim differently? Finally, from an applications
standpoint, it is important to understand the underlying physical mechanisms behind motility at intermediate
Re, impacting the design of artificial swimmers, drones, and inertial microfluidics.
3.7 Supplemental Information
3.7.1 Kinematics
We present kinematics after reaching steady state for all of the simulations. In the figures below, the data
is separated such that the rows indicate equilibrium distance between spheres d̂0, the columns indicate the
amplitude of oscillation ε, and the Reynolds number Re of each curve is shown in the accompanying legend
(Fig. 3.9). The dashed vertical lines are shown to divide the oscillation cycle into quarters. We measured the
fraction of time elapsed during a cycle with the dimensionless time unit, τ = ft. The oscillation was set
up so that when τ = 0.0, 1.0 the spheres were at their minimum distance apart d̂0 − ε, when τ = 0.5 they
were at their maximum distance apart d̂0 + ε (black), and when τ = 0.25, 0.75 they were at their equilibrium
distance apart (grey). The first half of the cycle was a region of expansion, and the second half was a region
of compression.
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Figure 3.9: The legend used for the following SI figures.
3.7.1.1 Center of Mass: Displacement and Velocity
Fig. 3.10 and Fig. 3.11 show us the displacement and velocity of the spherobot during an oscillation
after steady state has been reached, respectively, for all parameters specified in Fig. 3.9.
3.7.1.2 Individual spheres: Displacement and Velocity
Fig. 3.12 and Fig. 3.13 show us the displacements of the spherobot’s large sphere and small sphere
during an oscillation after steady state has been reached, respectively, for all parameters specified in Fig. 3.9.
Fig. 3.14 shows us the net displacement of the individual spheres for the spherobot with equilibrium distance
d̂0. Fig. 3.15 and Fig. 3.16 show us the velocities of the spherobot’s large sphere and small sphere during an
oscillation after steady state has been reached, respectively, for all parameters specified in Fig. 3.9.
3.7.1.3 Expansion and Compression
Fig. 3.17 shows us the net expansion (a) and compression displacement (b) for the spherobot with
amplitude ε = 1.2 as a function of Re. Fig. 3.18 is the same as Fig. 3.17, but on a log-log scale.
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Figure 3.10: Net displacement of the spherobot ∆yCM during an oscillation.
3.7.2 Fluid Flow and Efficiency
Fig. 3.19 shows us the efficiency of the spherobot’s stroke during expansion ηexp, compression ηcom,
and a whole cycle ηcyc, as well as its efficiencies during power and recovery, for a spherobot with ε = 1.2
and varying d̂0. We immediately notice there is a point in the plots where the recovery stroke becomes
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Figure 3.11: Velocity of the spherobot vCM during an oscillation.
more efficient than the power stroke. We see the point where the recovery stroke is the more efficient stroke
disappears when d̂0 increases to (d̂0 = 9.0, 10.0). We provide some plausible explanations for why the
recovery stroke is more efficient than the power stroke at certain d̂0. The point appears to always occur
at a Re higher than Rec. Therefore, the spherobot is always moving large-sphere-leading there. We start
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Figure 3.12: Net displacement of large sphere ∆yR during an oscillation.
with an explanation tied to the method used to move the individual spheres a prescribed distance. The
spheres are connected to a spring which is prescribed to oscillate with a specified amplitude A at a specified
frequency f , d̂(τ) = d̂0 +Asin(2πτ). A force is applied to “correct” the position of the spheres such that
their distance between d(τ) is always prescribed correctly, F (t) = −k(x(τ) − d(τ)). When x(τ) > d(τ)
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Figure 3.13: Net displacement of small sphere ∆yr during an oscillation.
or vice versa, work is done to the system to keep the prescribed distance. The recovery stroke occurs for a
large-sphere-leading spherobot during compression. This means that the small sphere is moving in the mean
swimming direction the net and the large sphere opposite to it such that x(τ) gets smaller. The spherobot is
already moving large-sphere-leading so it is possible that the amount of work done to the system decreases to
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Figure 3.14: Net displacement of individual spheres: top row = sphere of radius R and bottom row = sphere
of radius r for the spherobot of equilibrium distance d̂0 = 6.5.
ensure the small sphere is in the “correct” position. One could argue against this by saying the large sphere
is moving opposite to net motion so more work must be done to prescribe its motion. We think that is a
valid point, but we also think that the since the large sphere moves at a much slower velocity than the small
sphere, this additional contribution would be very small compared to the amount the work would reduce
because of the small sphere’s motion and current positioning. Another possible explanation may come from
the evolution in its fluid flow. There may be a coupling of flow between the spheres such that the flow in
between the spheres is affecting the efficiency, either by reducing energy input or increasing motion in the
mean swimming direction. A third option could be because of the increase in inertia. The spherobot is
moving large-sphere-leading. The small sphere also moves large-sphere-leading during the recovery stroke.
So as Re increases and vCM increases in magnitude, the swimmer will tend to move large-sphere-leading
even more during the recovery stroke.
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Figure 3.15: Velocity of large sphere vR during an oscillation.
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Figure 3.16: Velocity of small sphere vr during an oscillation.
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Figure 3.17: Net expansion displacement ∆yexp (a) and compression displacement ∆ycom (b) for the
spherobot with constant ε = 1.2 versus Re.
Figure 3.18: Net expansion displacement ∆yexp (a) and compression displacement ∆ycom (b) for the
spherobot with constant ε = 1.2 versus Re on a log-log scale. The expansion displacements are clearly
defined by two power laws with Re where one is of a negative exponent and the other a positive. The
compression is renormalized by ∆ymin. We notice two distinct constant slopes to the curves, indicative of
two power laws.
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Figure 3.19: Efficiency of a spherobot with amplitude ε = 1.2 with varying d̂0 as a function of Re where
ηexp (solid green and red), ηcom (dashed green and red), and ηcyc (black) are depicted. Also shown are the
efficiencies of the power (green) and recovery (red) strokes. The inset shows a close up of the efficiencies
in the small-sphere-leading regime. Here, the power stroke occurs during compression, the recovery stroke
during expansion, and ηcom > ηexp. Because there is a switch in swimming direction at Re ≈ 20, the power
and recovery strokes also switch. Now, ηexp > ηcom. The recovery stroke becomes more efficient than the
power stroke at the crossing of the lines. This point is dependent on d̂0. As d̂0 increases, the point where the
recovery stroke becomes more efficient than the power stroke occurs at a larger Re. When d̂0 = 9.0, 10.0,
the Re where the recovery stroke becomes more efficient disappears in our range.
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CHAPTER 4:
Pairwise and collective behavior between model swimmers
at intermediate Reynolds numbers 1
4.1 Overview
We computationally investigate the role of inertial effects in the hydrodynamic interactions between a
pair and then a collection of reciprocal, asymmetric dumbbell swimmers at intermediate Reynolds numbers,
Re. Dependent on the initial position and rotation, we find that two swimmers either repel and swim away
from one another or rearrange to form one of four stable pairs, that are combinations of: in-line and
in-tandem, both parallel and anti-parallel. In those stable pairs, swimmers were coordinated, swum together,
and generated fluid flows as one. We studied the combined fluid flows and the pairs’ velocities as a function
of the Reynolds number and found that the in-line pairs act similar to a single swimmer, and are more
frequent at lower Re while the in-tandem pairs have more complex dynamics and are more frequent with
increasing Re. The collective behavior of 122 swimmers transitions from in-line network-like connections
to small, transient in-tandem clusters. We also identify triples, indicative of many-body interactions. Thus,
our results help identify when the system can be described by pairwise interactions and when many-body
effects become important. Our findings demonstrate the richness and complexity of the collective behavior of
intermediate-Re swimmers.
4.2 Introduction
In nature a large number of organisms at various scales use the surrounding medium fluid to per-
form vital functions, such as to move, feed and mate. Organisms also benefit also from being in pairs or
groups as they increase swimming efficiency and speed, feeding rates, reproductive processes, and social
interaction (16,24,51,103,104).
1 This chapter has been submitted as an article in Physical Review Fluids and is co-authored by Hong Nguyen and Daphne Klotsa.
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Locomotion in the microscopic world is largely limited by the so-called scallop theorem, which states
that a swimmer with a reciprocal, time-reversible swim stroke cannot produce a net motion in Stokes flow (34).
Thus, real microscopic organisms break time reversibility with non-reciprocal swim strokes. Moreover, it is
rare to find a swimmer isolated from other organisms, which has led to numerous studies (both theoretical
and experimental) on the hydrodynamic interactions between Stokesian swimmers (105–110). For example,
sperm cells and B. Subtilis synchronize their flagella, and in doing so are hydrodynamically attracted to one
another (105–107). Many microscopic swimmers can be modeled as squirmers and then be classified as either a
“puller” or a “pusher”; the former has a force dipole, which induces a flow field that pulls in parallel to its
swimming axis and pushes out in the perpendicular, while the latter does the opposite. Pullers have been
shown to attract along their swimming axis and repel in the perpendicular and pushers have been shown to
repel along the swimming axis and attract along the perpendicular (49,108,109). Collision dynamics for a model
of chemically active droplets were shown to be sensitive to the relative sizes of the droplets and thus to affect
the subsequent dynamics (110,111).
The scallop theorem does not have to hold when there is more than one swimmer (and thus time-
reversibility can be broken by the presence of the additional swimmer) (112). For instance, when two
reciprocal, identical dumbbell swimmers oscillate with a phase difference, they could interact to produce a
net motion like a single non-reciprocal swimmer. The dumbbell is a common model for a simple reciprocal
swimmer composed of two spheres that oscillate with respect to each other. Studies on the hydrodynamic
interactions between a pair of dumbbell swimmers in Stokes flow have shown how swimmers align and swim
together, depending on their initial configuration (83,84,113). The pair interactions between two asymmetric
dumbbells have been analytically solved for the one-dimensional case of reflection invariant pairs (collective
swimming at a constant velocity) and translation invariant pairs (attractive or repulsive dependent on the
leading swimmer orientation) (84). A more extensive study developed stroke-averaged equations of motion for
the effective hydrodynamic interactions between asymmetric dumbbell pairs in Stokes flow (113).
Previous studies of interacting swimmers have been mostly limited to the Stokes regime, where inertial
forces are negligible. However, as the Reynolds number increases, the inertial contribution to the system’s
dynamics becomes important. Indeed, inertial effects on a model mesoscale swimmer can induce a switch in
the swimming direction (31,33) and impact predator/prey dynamics (114). Recently, there has been a growing
interest in understanding how inertial effects impact interactions between squirmers (115,116). Squirmers
aligned initially in parallel will attract if they are pushers and repel if they are pullers (115), and when on a
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collision course, inertial effects change the contact time and dynamics for pushers and prompt hydrodynamic
attraction for pullers (116). Less is known about other inertial swimmers, models beyond squirmers or real
ones. Additionally, the role of inertia on the collective behavior of swimmers beyond a pair is largely
unexplored, with the exception of Chatterjee et al. who identified stable, unstable and turbulent states for
active suspensions of weakly inertial pushers (117).
In this paper, we computationally studied the pairwise and many-body hydrodynamic interactions for
model reciprocal, asymmetric dumbbell swimmers over a range of intermediate Reynolds numbers. Varying
the initial positions and orientations for two swimmers, we found regions where they repel and swim away
from one another and regions where they interact to form stable pair configurations. From thousands of
initial conditions, only four stable pairs were identified, which can be grouped as: in-line and in-tandem,
parallel and anti-parallel. Parallel in-tandem pairs form a V-shape and antiparallel form a dynamic orbit.
In stable pairs, swimmers were coordinated, swum together, and generated fluid flows as one. We studied
the pairs’ combined fluid flows and velocities as a function of the Reynolds number. We found that in-line
pairs act similar to a single swimmer and are more frequent at low Re, while the in-tandem pairs have more
complex dynamics and become more frequent as Re increases. In-tandem pairs show a transition from
small-sphere-leading to large-sphere-leading coordinated swimming at different Reynolds numbers to each
other and different compared to the single swimmer (31). Finally, we simulated 122 swimmers and found a
transition from in-line network-like connections to in-tandem clusters as the Reynolds number increases.
Pairwise interactions were used to partly explain the collective behavior; however, limitations were discovered
as many-body interactions such as triples were also identified.
The structure of the paper is as follows. In section II, we describe the model, computational method, and
simulation details. In section III we present our results: the stable pairs formed by two asymmetric dumbbells,
the comparison between swimming as an individual and as a stable pair, and the stroke-averaged fluid flows.
We end with the evolution of the collective behavior and conclusions in section IV.
4.3 Model and Methods
We consider a two-dimensional system of identical, asymmetric dumbbell swimmers. Each dumbbell is
composed of two unequal sized spheres of radii R and r with an aspect ratio of α = r/R = 0.5, see Fig 4.1a.
The dumbbell’s swimming axis is along the line connecting the centers of the two spheres. The following
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Figure 4.1: (a) Swim stroke of the asymmetric dumbbell with α = 0.5. The dumbbell’s large sphere (orange)
oscillates in antiphase with the small sphere (blue) and the distance between them is prescribed to be of a
simple harmonic oscillator with equilibrium length d̂0 and amplitude ε. (b) A pair of asymmetric dumbbells
separated by a distance Ĥ and oriented with angle θ. θ is formed by the counter-clockwise rotation from the
swimming axis of swimmer 1 to that of swimmer 2.
conditions ensure that the dumbbell swimmer is force- and torque-free. The spheres are neutrally buoyant
with respect to the surrounding fluid. The distance between the two spheres d̂(t) is prescribed to be of a
simple harmonic oscillator such that d̂(t) = d̂0 + εsin(2πτ), where d̂0 = d0/R = 2.5 is the equilibrium
distance between sphere centers, ε = 0.8 is the amplitude of oscillation, and τ = ft is the dimensionless
time parameterized by f the frequency of oscillation. The amplitudes of each sphere are determined by
the conservation of momentum εr = εR2/(r2 + R2) and εR = εr2/(r2 + R2), where subscripts R and r
represent quantities specific to the large sphere and small sphere, respectively. Because R = 2r we find that
εr = 4εR.
The asymmetric dumbbell swimmers were immersed in a viscous, incompressible Newtonian fluid
that occupied a finite cell with periodic boundary conditions. The fully-coupled fluid-structure interaction
system was resolved using the Immersed Boundary (IB) method (66,118). The IB scheme was implemented
in the open-source IBAMR software, which is an immersed boundary numerical method with adaptive
mesh refinement (64,66). The IB method for fluid-structure interaction uses an Eulerian formulation of
the momentum equation and incompressibility constraint for the coupled fluid-solid system along with a
Lagrangian description of the motion of the immersed structures. Let x ∈ Ω be fixed Eulerian physical
coordinates, and let s ∈ U be fixed Lagrangian curvilinear coordinates attached to the structure, where Ω
and U are the physical regions occupied by the fluid-structure system and structures respectively. In our
notation, X(s, t) ⊂ Ω is the physical position of material point s at time t. The momentum equation and
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(x, t) = −∇p(x, t) + µ∇2u(x, t) + f(x, t), (4.1)
∇ · u(x, t) = 0, (4.2)
in which u(x, t) is the Eulerian velocity field, p(x, t) is the pressure field that imposes the incompressibility
constraint, f(x, t) is a body force that arises from the presence of the immersed structure, ρ is the mass
density, and µ is the viscosity. Eulerian and Lagrangian variables are coupled via integral transforms with








u(x, t) δ(x−X(s, t)) dx . (4.4)
Eq. (4.3) converts the Lagrangian force density F(s, t) to an equivalent Eulerian force density f(x, t), and
Eq. (4.4) evaluates the local material velocity at each structural position.
In our computer model, each sphere of the dumbbell was discretized using a collection of Lagrangian
marker points that were generated using an in-house Python code, and the singular delta function kernels
were replaced by a four-point regularized kernel function (66). To maintain each sphere’s rigidity, each
marker point was connected with their nearest neighbors via intra-sphere stiff springs. The spheres were
also connected by a set of inter-sphere springs which controlled their swim stroke oscillation and prevented
individual sphere rotation. The force F(s, t) applied on marker point s at time t was solely due to the linear
expansion/compression of the springs. The spring force for marker points s1 and s2 connected by the spring
` was given by:
F`(s1, s2, t) = −Ks(|X(s1, t)−X(s2, t)| −R`) (4.5)
where Ks was the spring stiffness coefficient and R` was the resting length of spring `. We note that
F`(s1, s2, t) = −F`(s2, s1, t). The resting length of the inter-sphere springs updates to the prescribed
distance between s1 and s2 at every time step, while the resting length for the intra-sphere springs is kept
fixed. For the inter-sphere springs, Ks = 1.0×104N/m, and for the intra-sphere springs, Ks = 5.0×104N/m.
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These stiffness coefficients have been chosen small enough for numerical stability and also large enough
to ensure that the individual sphere’s deformation is negligible, and that the distance between spheres is
approximately kept at the prescribed distance at all time. More details on the spatial discretization and the
time stepping algorithm for the IB method can be found in references (66,118).
In IBAMR, an adaptive fluid grid is implemented to improve the efficiency of the simulation. There were
four refinement levels (N=16, 64, 256, and 1024) and the dumbbell meshes were evaluated at the highest
grid refinement of N=1024 and grid spacing of d̂X = dX/R = L/NR = 0.049, where L is the size of the
simulation box. The spacing between marker points is set by the standard IB method to be d̂S = 0.5d̂X
to avoid fluid leak into the spheres. The simulation box L was large enough to prevent finite size effects,
L = 12.5(d0 + R + r) = 50R. Close contact between immersed structures are automatically handled by
IBAMR with an enhanced version of the kernel function (119). Therefore, no special treatment is needed for
the collision between dumbbells within the IB scheme currently employed.
The pair system was composed of two identical dumbbells parameterized by the separation distance at
time t, ĥ(t) = h(t)/R between the dumbbells’ centers of mass, and the counter-clockwise angle formed
between their swimming axes θ, see Fig. 4.1b. The initial conditions are stated as ĥ(t = 0) = Ĥ = 〈Ĥx, Ĥy〉
We used the frequency Reynolds number of the small sphere Re = αεrM2, with viscosity M2 = R2/δ2 and
boundary layer thickness δ =
√
ν/ω. The reason for the choice of Re is that it has been found to control the
transition of swimming dynamics in the single dumbbell’s system (31,33). Note that there are many Reynolds
numbers (dimensionless ratios) that can be defined in this system because of the many length scales – for a
discussion see Dombrowski et al. (33). We monitored the swimming pair until the swimmers either diverged
(ĥ > 10) or reached a steady state (separation distance ĥ and angle θ changed by less than one percent
over consecutive swim strokes). We monitored the pair systems until steady state had been reached, and the
simulation duration varied from at least twenty to over four hundred oscillations.
When extending to multiple swimmers, the IB method becomes computationally expensive due to
the large number of marker points, stiff springs, and increasingly smaller time steps. Therefore, in the
supplemental information (SI), we describe an alternative computational scheme with which we simulated a
system of 122 swimmers.
67
Figure 4.2: Identified regions of diverging or stable pairs after steady state had been reached for (a) Re = 2.0
and (b) Re = 10.0 based on initial configurations Ĥx,Ĥy, and θ. Initial configurations are determined based
on the position and orientation of the grey swimmer with respect to the black swimmer. (ii) Regions of pair
behavior when the grey swimmer is above the black swimmer and (iii) when the grey swimmer is below
the black swimmer. (c) Schematic of pair behaviors: diverging (grey), parallel in-line (green), anti-parallel
in-line (orange), in-tandem V (blue), and in-tandem orbit (pink).
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4.4 Results
4.4.1 Pair stable states
We first investigated how two swimmers interacted starting from different initial configurations, for
three representative intermediate Reynolds numbers, Re = 2, 7, and 10. Specifically, we performed a large
sweep (more than 5,600 simulations) over position and rotation space, varying the initial separation distance,
0.25 ≤ Ĥx ≤ 6.25 and −6.5 ≤ Ĥy ≤ 4.5, over angles θ in the range 0− 360 in increments of 360/16.
We found that for all initial configurations, and Reynolds numbers studied, the swimmers either swam
away from one another or converged to one of only four stable pair states, that are the combinations of
in-line and in-tandem, parallel and antiparallel arrangements, as shown schematically in Fig. 4.2(c). Once
the swimmers arranged into their preferred stable pair, they then swum together in a coordinated motion
as one. We plotted three-dimensional “phase diagrams” showing the resulting stable pairs as a function of
the initial relative positions and angles between the swimmers. It is interesting to compare these diagrams
for Re = 2 and Re = 10, see Fig. 4.2 (a),(b). For Re = 2, we see a large portion of the initial-conditions
phase space assembles parallel in-line pairs or leads to diverging pairs, and there are also smaller regions
of antiparallel in-line and in-tandem V pairs, see Fig. 4.2 (a). On the other hand, for Re = 10, we found
that parallel in-line pairs have become in-tandem orbit pairs. Moreover, there is a larger region of in-tandem
V pairs and almost no diverging pairs, see Fig. 4.2 (b). The Re = 7 phase diagram shows how the stable
configurations gradually change as a function of Reynolds numbers between the Re = 2 and Re = 10, see SI
(section III). We note that there was a fourth state discovered which resembled an L shape. But this state was
found to be meta-stable because all of the L shaped systems eventually transitioned into parallel in-line pairs.
Next, we investigate each pair in more detail.
4.4.2 Pair velocity as a function of Re
We monitored the pairs’ steady-state velocity, as well as their separation distance H across Re to
understand how different pair dynamics compares to those of a single swimmer and thus provide insight
on possible benefits behind forming each stable pair. We calculated the average velocity of the swimmers
by averaging the velocity per oscillation over the total number of oscillations in steady state. Note that, for
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Figure 4.3: The swimming velocity of an in-tandem V pair (blue), a parallel in-line pair (green), and a single
swimmer (black), as well as the angular velocity of the in-tandem orbit pair (pink) versus the Reynolds number.
The single swimmer switches its swimming direction from small-sphere-leading to large-sphere-leading at
Re ≈ 15, the in-tandem V pair at Re ≈ 35 and the in-tandem orbit at Re ≈ 6.5
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the in-tandem orbit pair, we calculated the angular velocity. We excluded antiparallel in-line pairs from the
comparison because they are stationary and have neither net translational nor angular velocity. A comparison
of the velocities for the swimming and orbiting pairs and of a single swimmer are shown in Fig. 4.3. The
pairs’ separation distance as a function of Re is shown in the SI.
The parallel in-line pair swims small-sphere-leading, and the curve looks similar to the single swimmer
in the Reynolds number range 0.5 ≤ Re ≤ 7.5, but with a slightly lower speed than the single swimmer case.
It seems reasonable to ascertain that the speed difference is due to the presence of the second swimmer in tow
behind the leading swimmer. The swimmer in tow may be increasing the resistance, which could be attributed
to a net attraction/pulling motion between the swimmers, an increase in fluid flow motion behind the leading
swimmer, or the mass added to the system by the second swimmer. For Re > 7.5, the swimmers collide and
push away from one another, so there is no stable pair for which to calculate an average translational velocity.
The in-tandem V pair swims small-sphere-leading for a larger Reynolds number range 0.5 < Re ≤ 30
compared to the single swimmer. While from Re = 0.5 to Re = 7.5 the V-pair and the single swimmer’s
velocity curves are almost on top of each other; for Re¿7.5, the curves diverge. The V-pair actually speeds up
till it stops moving in a straight line and picks up a rotational velocity and moves on an arc (which results
in the plateau of the translational velocity around Re ≈ 17, see Fig. 4.3). Then at Re ≈ 35 we see a sharp
transition from small-sphere-leading to large-sphere-leading. In other words, the Reynolds number at which
the switch in swim direction occurs is much larger for the pair (Re = 35) than for the single swimmer
(Re = 15), which we would not have predicted. Looking closely, the switch in swimming direction for the
V-pair happens when the swim stroke actually changes a little bit, to include a stagger motion, see movie in
the Supplemental Material. When Re > 50 swimmers eventually physically collide and no longer form a
stable pair.
The in-tandem orbit pair is stable only in the large-sphere-leading regime, which occurs around Re ≈ 6.5
(a lower Re than for the single swimmer which is at Re ≈ 15). For Re < 6.5 the swimmers swim small-
sphere-leading and move away from one another in a small-sphere-leading spiral. For Re ≥ 6.5 the angular
velocity of the stable orbit pair increases monotonically with increasing Re.
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Figure 4.4: Stroke-averaged fluid flow for (a) an individual dumbbell, (b) in-tandem V, (c) in-tandem orbit, (d)
parallel in-line, and (e) anti-parallel in-line on the 100th swim stroke, τ = 100.(a) Individual swimmer flow
and swim direction transitions from puller-like SSL (i-iii) to pusher-like LSL (iv). (b) In-tandem V forms a
stationary pump pair, a V formation which swims SSL, and a staggering V formation which swims LSL. (c)
In-tandem orbits diverge counter-clockwise when Re < 6.5 and form a stable orbit when 6.5 ≤ Re < 30.0.
(d) Parallel in-line pairs form when Re < 10.0 and diverge otherwise. (e) Anti-parallel in-line pairs transition
from stationary pumps to swimmers in a periodically occuring head-on collision.
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4.4.3 Pair fluid flows and swimming
We then investigated the details of the stable pairs identified in the previous section and studied their
fluid flow fields and how they changed as a function of the Reynolds number. Before we discuss the pair,
we should explain what is known for the fluid flows of the single swimmer. In our previous work, we found
that the dumbbell swimmer produces a time-averaged fluid flow (steady streaming) that changes as the Re
increases. Specifically, for Re < 15 the flow field is puller-like, i.e. it pulls in along the swimming axis and
pushes fluid out in the perpendicular, see Fig. 4.4a.i,ii. The swimmer swims small-sphere-leading in this Re
range. For Re > 15, the swimmer switches direction and swims with the large sphere on the front, while the
flow field is more pusher-like, i.e. it pushes fluid away along the swimming axis and pulls fluid in on the
perpendicular, see Fig. 4.4a.iii,iv and references (31,33). Based on these findings, we might expect there to
be an attraction along the swimming axis and a repulsion perpendicular when Re < 15. On the other hand,
when Re > 15, we might expect there to be a repulsion along the swimming axis and an attraction on the
perpendicular. What we will show next is that while sometimes this is true, the pair system is more complex
and interesting.
We calculated the stroke-averaged fluid flow for the four stable pairs after they reached a steady state,
over the range 0.5 ≤ Re ≤ 50. We show four characteristic Reynolds numbers, Re = 0.5, 5, 20, and 35, that
capture most of the interesting behavior, see Fig. 4.4(b-e). For comparison, we also show the stroke-averaged
fluid flow for a single swimmer at the same Re, see Fig. 4.4(a).The way each pair was initialized is reported
in the Supplemental Material section.
Consider the in-tandem V pair as a function of Re. For Re > 0.5, once the swimmers found their
preferred relative positions, the pair swum together in-tandem as one. As Re increases, both the angle and
distance between the swimmers get smaller, see Fig. 4.4b.ii-iv and SI. The flow field around the pair for
Re = 5 is qualitatively different from the puller-like flow field around a single swimmer at the same Re,
see Figs. 4.4b.ii and a.ii respectively. Specifically, the flow field for the pair at Re = 5 pulls in along the
swimming axis from underneath the small spheres, pulls through the pair like a zipline, and pushes out behind
the large spheres, while elongated vortices return the flow back towards the small spheres. Yet, the pair
is similar to the single swimmer in that they both swim small-sphere leading. At Re = 20, the flow field
of the pair resembles a pusher pushing fluid out along the swimming axis and pulling fluid in towards the
perpendicular, though the field is not quite as symmetric as in the single swimmer case (also pusher-like), see
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a) Re = 1 b) Re = 5 c) Re = 20
Figure 4.5: Snapshots of a system composed of 122 swimmers at a) Re = 1, b) Re = 5, and c) Re = 20.
Swimmers are colored according to which stable pair configuration they belong: green for parallel in-line,
orange for anti-parallel in-line, purple for in-tandem V, pink for in-tandem orbit, and gray for other. Note that
if a swimmer appears in more than one stable pair, then its color is of the first pair identified. a) Swimmers
organize in a diffuse network-like structure wherein many swimmers are in in-tandem V or parallel in-line
configurations. The latter is naturally favorable in this structure. b) Most swimmers organize themselves
in in-tandem orbit or in-tandem V pairs making up the network strands. c) Many swimmers are identified
to form in-tandem V or in-tandem orbit pairs; however, they mostly appear in few large clusters, in sharp
contrast to the network-like structures seen at Re = 1 and 5. Open red circles in (a) highlight some triple
swimmers with the angles of 120 degrees
Fig. 4.4b.iii and a.iii or as in the V-pair at lower Re. In fact, we see an arc to the V-pair’s trajectory around
Re ≈ 20, which is the reason why the translational velocity plateaus between Re = 20− 30, see Fig.3. For
Re ≥ 35, the pair swims large-sphere-leading (as does the single swimmer) but there is an extra periodicity
to the swim stroke. The pair stagger, switch leading swimmers, and shed vortices, Fig. 4.4a.iv. For a more
dynamic visualization, see the movie provided in the supplemental information. Interestingly, for Re ≤ 0.5,
the swimmers do not really form a V pair, as the angle between them becomes θ = 180. The pair forms a
line with the small spheres closest, and remains stationary overall, like a pump, see Fig. 4.4b.i. The symmetry
of the pump pair is reflected in the flow field which pulls in along the line connecting the spheres of each
swimmer and pushes away in the perpendicular (puller-like). Note that each swimmer individually would be
swimming (albeit slowly) small-sphere-leading, see Fig. 4.4a.i. Thus, it seems that two swimmers together
interacted in such a way that they formed an immotile pair.
We next studied the stroke-averaged fluid flows for the in-tandem orbit pair, see Fig. 4.4c. When Re ≤ 6,
the swimmers swim away from one another, in a small-sphere-leading spiral, see Fig. 4.4c.i-ii. When
6.5 ≤ Re ≤ 30, the swimming pair attract enough to form a large-sphere-leading stable orbit about their
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combined center of mass, as shown in Fig. 4.4c.iii. Again, we see that having two interacting swimmers
instead of a single one changes the dynamics: while the single swimmer transitions from small-sphere-leading
to large-sphere-leading at Re = 15, the orbiting pair makes an analogous transition from a small-sphere-
leading diverging spiral to a large-sphere-leading stable orbit at a lower Re = 6.5. As Re increases (e.g.
Re = 20), when the orbiting pair rotates quickly enough, the outer set of vortices shed, and due to the rotation,
the shed vortices seem to recombine with the following outer vortex, see Fig. 4.4c.iii and movie. For Re > 30,
the swimming pair physically collide and are unable to maintain a stable orbit, see Fig. 4.4c.iv.
The parallel in-line pair attract and swim together as one, and the behavior of the pair is similar to that of
a single swimmer: both swim small-sphere-leading and generate a flow field that is puller-like (Fig. 4.4d.i,d.ii
and a.i, a.ii). For Re > 7.5, the swimmers collide and push away from each other, see Fig. 4.4d.iii,d.iv.
When 0.5 ≤ Re < 10, for the antiparallel in-line (head-on) pair, the swimmers aligned along their
swimming axis with their large spheres closest and formed a net-motionless pump pair, see Fig. 4.4e.i-ii. At
these Reynolds numbers, each swimmer would individually swim small-sphere-leading. But as they interact
with one another in pairs, they get “trapped” and form a symmetric pair that stays in place, like a pump,
the fluid flows of which resemble a puller. As Re increases, the swimmers approach one another enough to
the point of collision. When Re > 15, the swimmers individually swim large-sphere-leading, which results
in the pair periodically colliding into one another as their swimming paths are blocked by each other, see
Fig. 4.4e.iii. Eventually, for Re ≥ 35, the pair collide hard enough that they swim away from one another,
see Fig. 4.4e.iv.
4.4.4 Collective Behavior of Multiple Swimmers
Our main goal for studying pair interactions was to build on our findings and explore whether from
pairwise interactions we can explain the collective behavior of multiple swimmers. We note that the collective
behavior of intermediate Re swimmers is largely unknown.
We studied a system of 122 identical swimmers over the Reynolds number range 0.1 ≤ Re ≤ 40, and
present three representative cases for Re = 1, 5, and 20. We monitored the dumbbell positions over the
course of 1000 oscillations and developed an algorithm to identify stable pairs (from the previous section)
that form here, too. All systems reached a statistical (and dynamical) steady state after 300 oscillations,
where there is no significant change in their topology with time as confirmed by visual inspection. The pair
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identification algorithm is detailed in the Supplemental Information (Section V). Fig. 4.5 shows a snapshot of
the collective behavior after 500 oscillations for Re = 1, 5, and 20. The swimmers are colored based on the
first identified stable pair. Note that swimmers may appear in more than one stable pair.
When Re = 1, the swimmers organize in a network-like structure with loops and nodes, see Fig. 4.5a.
The network is composed of many parallel in-line pair strands (green), as well as in-tandem V pairs (blue).
The identified pairs are consistent with the pairs we expect to see at Re = 1. Interestingly, the swimmers also
form a structure made up of three swimmers with angles of θ ≈ 120. This three-body interaction is found at
a lot of the nodes of the network, see red circles in Fig. 4.5a, and of course could not have been predicted by
pairwise interactions.
When Re = 5, a closer-packed network develops consisting of in-tandem V pairs and anti-parallel
in-tandem orbits, though because there are many more swimmers they do not really orbit, see Fig. 4.5b (pink
and blue). We notice the stable pairs dominate the collective structure, and the in-line pairs are less frequent
than at Re = 1. There is thus a clear transition from in-line pairs to in-tandem pairs as Re increases, which
is what we saw with the pairs, too. In other words, as the Reynolds number increases, we see a transition
in the collective behavior from network-like in-line structures to in-tandem clustering. When Re = 20, the
swimmers develop into localized, transient in-tandem clusters which exchange members through physical
collisions, see Fig. 4.5c.
The overall trend from in-line network-like connections to in-tandem clusters as Re increases seems to
hold for both pairs and multiple swimmers. The details, as well as, many-body interactions also indicate
more complex behavior for the multiple swimmer case, such as the triples in Fig. 4.5a.
4.5 Conclusions
We computationally studied the pair interactions and collective behavior of asymmetric, dumbbell
swimmers over a range of intermediate Reynolds numbers and initial configurations. We found rich and
complex pair interactions which developed four stable pairs: in-line and in-tandem, both parallel and anti-
parallel. We compared the pair swimming behavior to that of the single swimmer. The in-line stable pairs
behaved much like the single swimmer transitioning from puller-like to pusher-like stroke-averaged flow
fields. In contrast, for the in-tandem pairs we discovered differences in the swim direction transition as well
as the stroke-averaged fluid flow directions when compared to the single swimmer. Notably, the in-tandem V
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pair switched its swim direction at a higher Re than the single swimmer due to the development of a different
combined swim stroke. Meanwhile, the swim direction of the in-tandem orbiting pair switched at a lower Re.
We also studied a system of 122 dumbbell swimmers and found the collective behavior transitioned from
in-line network-like connections to small, transient in-tandem clusters as the Reynolds number increases,
consistent with the in-line to in-tandem pair behavior. Details in the collective behavior involved the formation
of triples, a higher-order interaction that were not predicted by the pair or the single. Our findings show
that even a simple model swimmer can demonstrate the richness of intermediate Re dynamics and collective
behavior. Such rich and complex behavior indicates that an effective Reynolds number which accounts for




Previous methods of simulating a pair of dumbbell model swimmers base purely on the traditional
explicit IB scheme that is computationally expensive when extending to a larger system of swimmers. This is
due to i) a large number of Lagrangian marker points used to discretize the immersed structures, ii) very stiff
springs used to obtain, and iii) a small time step required to advance the Navier-Stokes equations. Therefore,
in this section, we describe an alternative computational approach to simulate many-swimmer systems that
can overcome these inherent difficulties. Basically, the approach is a variant of a fictitious domain wherein
the momentum equations for the fluid. The immersed structures are converted to a unified set of equations
for the entire coupled system which then are solved on a structured Eulerian grid. Additionally, it employs
distributed Lagrange multipliers to enforce the deformation kinetics of the structure given in its own reference
frame.
Similar to the IB method, the momentum equations and in-compressibility constraint for the coupled
fluid-structure system are described by an Eulerian formulation the motion of the immersed structures by
a Lagrangian formulation. We use x ∈ Ω to be fixed Eulerian physical coordinates and s ∈ U to be fixed
Lagrangian curvilinear coordinates attached to the structures, with Ω and U are the physical regions occupied






















Figure 4.6: Schematic illustration of all key parameters in simulations of many-spherobot systems. (a) The
deforming velocity of individual spherobot is specified in the curvilinear coordinate frame (ξ, η) fixed to the
center of mass G of the model. (b) Repulsive interaction is included between individual spheres (α, β) on a
pair of spherobots (i, j); where (α, β) are either small or large spheres.
(time-dependent) physical region occupied by small and large sphere of structure (dumbbell) i. The mapping
X(s, t) ∈ Ω is the time-dependent physical position of the material point s.
To enforce the time-dependent shape of an individual dumbbell swimmer , instead of using stiff springs,
the deforming velocity of material point s in the reference frame fixed to the center of mass of the dumbbell
is prescribed by
uk(X(s, t), t) =

−2πfεR cos(2πft) êi X(s, t) ∈ U iR
2πfεr cos(2πft) êi X(s, t) ∈ U ir
0 otherwise.
(4.6)
Where εR and εr (see definition in the main text) are the amplitude of oscillation of large and small sphere
respectively. êi is the swimming direction (unit) vector of the swimmer i. It is straightforward to verify that
with prescribed deforming velocities, the dumbbell’s oscillation is described by the same harmonic oscilator
as in the main text’s model, i.e. for d̂(t) = d̂0 + εsin(2πft) for every swimmer.
To avoid unphysical penetration of the dumbbells, we employ a collision strategy between individual
spheres on distinct swimmers. We note that, in a real fluid, high pressure would occur in the gap between the
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colliding immersed structures because of squeezing out the fluid. Therefore, to resolve near contact interaction
an extremely high refinement is needed, which is computationally impractical in computer simulations. A
simple solution is to apply an artificial repulsion when dumbbells collide, much like an excluded volume
interaction. It is important to keep in mind that this force only arises due to the discrete nature of numerical
simulation, and is absent in real systems. For sphere-sphere interactions, repulsion only acts when the two
spheres are sufficiently close. We adopt here a simple functional form of these forces (density) evaluated in
Lagrangian form similar to previous work (120):
Friα,jβ(s, t) = κ(Xiα − Xjβ)(d
αβ
ij − δ)
2Θ(δ − dαβij )/(πR
2
α); X(s, t) ∈ U iα (4.7)
where dαβij is the gap between sphere α, β = {R, r}, whose centers are located at Xiα,Xjβ on swimmers i, j
respectively. Θ(.) is the Heaviside step function, κ is the repulsion stiffness, δ is the range of the repulsion
and Rα is radius of sphere α. For simplicity, κ = 0.48R3(Nm−3) and δ = 0.4R are assumed to be constant
in all collisions. These parameters are chosen such that their small variations are insensitive to the resulting
dynamics of the system. Then the Lagrangian repulsive force density at any physical point X is the sum over





A collection of spherobots are immersed in initially stationary viscous, in-compressible Newtonian fluid.




(x, t) = −∇p(x, t) + µ∇2u(x, t) + f c(x, t) + f r(x, t), (4.8)
∇ · u(x, t) = 0, (4.9)
where p is pressure to maintain the incompressibility condition, ρ is fluid density, u is fluid velocity, µ is
fluid viscosity. fc(x, t) and fr(x, t) are the Eulerian body force density arising from prescribed kinematics
imposed on individual dumbbells and repulsive forces between them respectively. Similar to the standard IB
method, the latter is related to its Lagrangian counterpart Fr(s, t) by:
f r(x, t) =
∫
U
Fr(s, t) δ(x−X(s, t))ds, (4.10)
f c(x, t) =
∫
U
Fc(s, t) δ(x−X(s, t))ds. (4.11)
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Where Fc(s, t) is the Lagrangian force density required to enforce the constraint of deforming velocity in the
region occupied by swimmers, which has been found to be equivalent the vanish of the rate of deformation of
structure in Ωα, i.e. ∇(u− uk(X, t)) +∇(u− uk(X, t))T = 0 in U (121).
The equations (4.8, 4.9) with the kinematic constraint condition of rigidity and deforming velocities are
solved using the an efficient and fast algorithm developed by Pantankar and co-workers (121), which has been
implemented as an implicit scheme in the open-source fluid dynamics codes IBAMR (122). For details of the
spatial and temporal discretizations, interested readers are referred to the above refs. (122).
The discretization of individual dumbbells is the same in in the case of pair described in the main text,
except that the spacing between marker points is now required by the algorithm to be equal the underlying
grid spacing; a fact that has substantially reduces the computational cost with the current approach. Non-
overlapping 122 swimmers are randomly distributed in a square simulation box with periodic boundary
conditions applied on all dimensions.The simulation box size L = 70 was used and has been found to be
sufficiently large to minimize the finite size effect. A uniform grid of size N = 1400 is used along two
dimensions, resulting grid spacing of d̂X = L/N = 0.05R which is comparable as in pair’s simulations.
A collection of spherobots are immersed in initially stationary viscous, in-compressible Newtonian fluid.




= −∇p+ µ∆u + f, (4.12)
∇ · u = 0. (4.13)
where p is pressure to maintain the incompressibility condition, ρ is fluid density, u is fluid velocity, µ is fluid
viscosity and f is the body force density arising from prescribed kinematics imposed on individual spherobots
and repulsive forces between them.
The equations (4.13) with the kinematic constraint condition of rigidity and deforming velocities are
solved using the an efficient and fast algorithm developed by Pantankar and co-workers (121), which has
been implemented as an implicit scheme in the open-source fluid dynamics codes IBAMR (122). Basically,
the method is a variant of a fictitious domain wherein momentum equations for the fluid and the immersed
structures are converted to a single equation which is then solved on a structured Eulerian grid. This numerical
approach also employs distributed Lagrange multipliers to enforce the body deformation kinetics given in the
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reference frame fixed to the body. For more details and its practical implementation in IBAMR to simulate
an isolated swimmer, interested readers are referred to the above refs. (121,122). Here to simulate a collection
of spherobots, it is necessary to modify the original algorithm to include the repulsive force (4.7) whenever
spheres on two distinct spherobots are within the interaction range to remove any unphysical penetration
between them.
4.6.2 Pair stable states
Fig. 4.7 shows the identified regions of stable pairs after steady state had been reached for Re = 7 based
on initial configurations Ĥx,Ĥy, and θ.
Figure 4.7: Identified regions of diverging or stable pairs after steady state had been reached for (a) Re = 7
based on initial configurations Ĥx,Ĥy, and θ. Initial configurations are determined based on the position and
orientation of the grey swimmer with respect to the black swimmer. (ii) Regions of pair behavior when the
grey swimmer is above the black swimmer and (iii) when the grey swimmer is below the black swimmer.
(b) Schematic of pair behaviors: diverging (grey), parallel in-line (green), anti-parallel in-line (orange),
in-tandem V (blue), and in-tandem orbit (pink).
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4.6.3 Pair initial configurations for sweep across Re
The following are the initial conditions for the simulations presented in sections ”Pair velocity as a
function of Re” and ”Pair fluid flows and swimming”. The in-tandem V pairs were initialized with θ = 270.0,
Ĥx = 4.0, and Ĥy = −1.625. The in-tandem orbit pairs were initialized with θ = 180, Ĥx = 5.0, and
Ĥy = −1.5. The parallel in-line pairs were initialized with θ = 0.0, Ĥx = 0.0, and Ĥy = −5.0. The
anti-parallel in-line pairs were initialized with θ = 180.0, Ĥx = 0.0, and Ĥy = 3.5.
4.6.4 Stable pair separation distances and in-tandem V angle vs. Re
Fig. 4.8a shows the separation distance for the four stable pairs after steady state has been reached as a
function of Re. Fig. 4.8b shows how the angle between swimmers changes for the in-tandem V pair as Re
changes.
Figure 4.8: (a) The separation distance measured for the four stable pairs after they reached a steady state as
a function of Re. The in-tandem pairs (pink and blue) separation monotonically decreases as Re increases,
except for when Re = 0.5 for the in-tandem V pair. Here, the pair has formed an angle of 180 degrees with
the small spheres closest. (b) The angle between the two swimmers when they form an in-tandem V pair
after steady state has been reached.
4.6.5 Pair identification algorithm in multiple swimmer systems
In order to identify stable pair configuration in many-swimmer systems, we need a set of parameters
characterizing for the relative position of a given pair of swimmers. These parameters should be chosen such
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a way that simplifies the recognition rules employing for each pair. In addition to account for many-body
effect, these rules should also respect the variation of the same parameter space observed in pair simulations
for the range of Re studied in the paper. Our general strategy is to loop over all possible pairs in the system
and sequentially apply the rules for each of these.
Because of sinusoidal variation of the swimmer shape, and to make the pair configuration well-defined,
it is reasonable to consider only swimmer that is in equilibrium length. For a pair of such swimmers, we
calculate three parameters {θ1, θ2, l} as shown in Fig. 4.9. In principle, there are many ways to uniquely
represent a pair of swimmers in space. For example, we can attach a reference frame to one swimmer
and specify the coordinate of the second swimmer in this frame. However, such choice complicates the
algorithm as it needs to account for the reference frame which varies from pair to pair. Therefore, our choice
of parameters bases on the requirement that the corresponding identification rule is independent of which
swimmer is choose as reference.
  
θ 1 θ 2
L1 L2
S1 S2l
Figure 4.9: A schematic illustrates three parameters {θ1, θ2, l} determining the relative position of two
swimmers. Li and Si are the center of large, small sphere of swimmer i (i = 1, 2) respectively. θ1(2) ∈
[0◦, 360◦] are the angle between the center-line of each swimmer with respect to the direction vector S1S2
whose magnitude denoted as l. These parameters are only defined for swimmer in equilibrium length. Note
that if the index of swimmers is switched, the new set of parameters {θ′1, θ′2, l′} can be obtained by l′ ← l,
θ′1 ← (180 + θ2) and θ′2 ← (180 + θ1), thus {θ′1, θ′2, l′} = {180 + θ2, 180 + θ1, l}.
The rules to describe specific pair configurations use different lthresh as a threshold of l to remove all
irrelevant pair candidates before continuing apply further restrictions. They are as follow (below R is the
radius of large sphere):
a) V-shape: A pair of swimmer (1, 2) is classified as in V-shape configuration if one of the following is
correct:
1. l ≤ lthresh, θ1 < 180, θ2 < 180, and θ1 − θ2 ∈ (0, 90)
2. l ≤ lthresh, θ1 > 180, θ2 > 180, and θ2 − θ1 ∈ (0, 90)
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where lthresh = 3.5R. These conditions state that two large spheres belong to each swimmer are on the
same side with respect to the small-small center line and the angle created by the swimmer’s axes is less than





























c) In-line d) Anti In-line
Figure 4.10: Determination of three parameters {θ1, θ2, l} for all stable pair configurations: a) V-shape, b)
Orbit, c) In-line and d) Anti In-line.
b) Orbit: A pair of swimmers (1, 2) is said to be in Orbit if l < lthresh = 5R and one of the following is
correct:
1. θ1 ∈ (360− θtol1, 360), θ2 ∈ (180− θtol1, 180) and θ1 − θ2 ∈ (180− θtol2, 180 + θtol2)
2. θ1 < θtol1, θ2 ∈ (180, 180 + θtol1) and θ2 − θ1 ∈ (180− θtol2, 180 + θtol2)
where θtol1 is the maximum angle allowed between either swimmer axis and the small-small center line,
and θtol2 controls the extent to which the swimmer directions are still considered ‘aligned’ (i.e in parallel).
Conditions [1, 2] are equivalent if the swimmer index is switched.
c) In-line: A pair of swimmer (1, 2) is classified as in In-line configuration if l < lthresh and one of the
following is correct:
1. {θ1 < θtol1 or θ1 > 360− θtol1} and {θ2 < θtol2 or θ2 > 360− θtol2}
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2. θ1 ∈ (180− θtol1, 180 + θtol1) and θ2 ∈ (180− θtol2, 180 + θtol2)
where lthresh = 6R. Conditions [1, 2] are equivalent if we switch the swimmer indies. They state that
the orientation of swimmer 1(2) can not deviate more than θtol1(θtol2) with respect to the small-small sphere
axis. Here we take θtol1 = 10 and θtol2 = 30. Of course, different values can be used.
(d) Anti In-line: A pair of swimmer (1, 2) is said to be in Anti In-line if l < lthresh = 8R and the
following is correct:
1. {θ1 < θtol or θ1 > 360− θtol} and {θ2 ∈ (180− θtol, 180 + θtol)}.
Here θtol = 10 is tolerance of the deviation of either swimmer direction relative to the small-small sphere
axis. Clearly, the rule is independent of the swimmer index.
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